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The o b j e c t i v e  o f  t h e  r e s e a r c h  sponsored  by t h i s  NASA 
Grant was to s t u d y  t h e  e x i s t e n c e ,  s t a b i l i t y  and computa t ion  
of  p e r i o d i c  and a lmost  p e r i o d i c  s o l u t i o n s  o f  v e c t o r  d i f f e r e n t i a l  
e q u a t i o n s  x = Ax + F ( x , t )  and t h e  ana logous  f u n c t i o n a l  
d i f f e r e n t i a l  e q u a t i o n s .  The mathematics  used  f o r  such  sys tems 
Greats t h i s  s y s t e m  as a p e r t u r b a t i o n  o f  t h e  l i n e a r  s y s t e m  
x = Ax. Those c a s e s  where t h e  c o n s t r u c t i o n  o f  a lmos t  p e r i o d i c  
s o l u t i o n s  l e a d s  to a t r i g o n o m e t r i c  se r ies  w i t h  c o e f f i c i e n t s  i n  
which a r b i t r a r i l y  small  d i v i s o r s  occur  were o f  p a r t i c u l a r  i n t e r e s t .  
For convenience  w e  r e f e r  t o - t h e s e  c a s e s  as  t h e  " s m a l l  d i v i s o r "  
problem. 

The e x i s t e n c e ,  s t a b i l i t y  and computa t ion  o f  a n  a lmost  
p e r i o d i c  s o l u t i o n  i s  w e l l  known [41 i f  t h e  p e r t u r b a t i o n  F ( t , x )  
i s  small  enough and e i t h e r  t h e  e i g e n v a l u e s  of  A have nonzero  
r e a l  pa r t s  o r  t h e  e i g e n v a l u e s  o f  a c e r t a i n  J a c o b i a n  m a t r i x  have 
nonzero  r e a l  pa r t s .  Other  c a s e s  were g e n e r a l l y  i n t r a c t a b l e  
excep t  by u s i n g  t h e  r e l a t i v e l y  c rude  methods which a r e  known 
f o r  t h e  "small d i v i s o r "  problem. The methods [l] f o r  t h e  small  
d i v i s o r  problems are  l i m i t e d  to very  s m a l l  p e r t u r b a t i o n s  and 
a re  n e c e s s a r i l y  t roublesome to e x e c u t e .  

We have d i s c o v e r e d  d u r i n g  t h i s  i n v e s t i g a t i o n  a ve ry  
s i g n i f i c a n t  g e n e r a l i z a t i o n  of  t h e  problem. It i s  p o s s i b l e  i n  
many c a s e s  to s o l v e  a n o n l i n e a r  i n i t i a l  v a l u e  problem 

for a l l  y i n  some r e g i o n  o f  Rn.  
t h e  e x i s t e n c e ,  s t a b i l i t y  and computa t ion  o f  a lmost  p e r i o d i c  

It i s  t h e n  p o s s i b l e  to s tudy  
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qr p e r i o d i c  s o l u t i o n s  o f  p e r t u r b e d  n o n l i n e a r  s y s t e m s  
x = f ( t , x )  + g ( t , x ) .  Many o f  t h e  theorems c o n c e r n i n g  t h e  
p e r t u r b e d  l i n e a r  sys tem may be proved  f o r  t h e  p e r t u r b e d  
n o n l i n e a r  sys tem.  One obvious  b e n e f i t  o f  such  theorems i s  t h a t  
p r e v i o u s l y  t h e  i n t e r n a l  n o n l i n e a r i t i e s  o f  s u c h  s y s t e m s  were 
t r e a t e d  as n o i s e ;  and c o n s e q u e n t l y  small e x t e r n a l  p e r t u r b a t i o n s  
would n u l l i f y  t h e  e x i s t e n c e  of t h e  desired p e r i o d i c  o r  a lmos t  
p e r i o d i c  s o l u t i o n s .  Another b e n e f i t  i s  t h a t  t h i s  t e c h n i q u e  
p r o v i d e s  a method to h a n d l e  many problems p r e v i o u s l y  t r a c t a b l e  
o n l y  by small d i v i s o r  methods.  T h i s  approach  to p e r t u r b e d  
n o n l i n e a r  sys tems was d i s c o v e r e d  i n d e p e n d e n t l y  by L .  E .  May [SI; 
however, h i s  a n a l y s i s  r e q u i r e s  t h a t  t h e  unpe r tu rbed  sys t em i s  
e s s e n t i a l l y  a l i nea r  sys tem.  Two p a p e r s  i l l u s t r a t i n g  t h e  new 
approach  to p e r t u r b e d  sys tems have been w r i t t e n  and a re  d e s c r i b e d  
below, (4), ( 5 ) .  Work i s  p r o g r e s s i n g  on o t h e r  a s p e c t s  o f  t h i s  
t e c h n i q u e ,  and new p a p e r s  w i l l  b e  s u b m i t t e d  soon.  

The  work on " s m a l l  d i v i s o r "  problems was somewhat d i s a p -  
p o i n t i n g .  One p a p e r  was p r i n t e d  as a NASA c o n t r a c t o r ' s  r e p o r t  
and i s  d e s c r i b e d  below. I n  a d d i t i o n  w e  have developed  a f o r m a l  
r e c u r s i v e  p rocedure  f o r  c o n s t r u c t i n g  a lmos t  p e r i o d i c  s o l u t i o n s  
i n  some s i t u a t i o n s ;  however, w e  have been unab le  to prove  t h e  
convergence of  t h e  s e r i e s  g e n e r a t e d  by t h i s  p r o c e d u r e .  The work 
which was done to e s t a b l i s h  t h e  s i z e  o f  a l l o w a b l e  p e r t u r b a t i o n s  
was ve ry  compl i ca t ed  and i t  was found t h a t  i n  g e n e r a l  t h e  
a l l o w a b l e  p e r t u r b a t i o n s  were ex t r eme ly  small. 

The e x i s t e n c e ,  s t a b i l i t y  and computa t ion  o f  p e r i o d i c  and 
a lmos t  p e r i o d i c  s o l u t i o n s  to f u n c t i o n a l  d i f f e r e n t i a l  e q u a t i o n s  
i s  ana logous  to t h a t  f o r  t h e  o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n .  
One pape r  was s u b m i t t e d  c o n c e r n i n g  t h e  problem; however, much 
work i s  l e f t  undone. I n  p a r t i c u l a r ,  t he  g e n e r a l i z a t i o n  to 
p e r t u r b e d  n o n l i n e a r  sys tems mentioned above f o r  o r d i n a r y  
d i f f e r e n t i a l  e q u a t i o n s  has no t  y e t  been done; however, no 
p a r t i c u l a r  d i f f i c u l t i e s  are  f o r s e e n  f o r  t h i s  c a s e .  

The f o l l o w i n g  p a p e r s  have been s u b m i t t e d  f o r  p u b l i c a t i o n  
as a r e p o r t  o f  r e s e a r c h  performed under  t h i s  g r a n t .  

(1) "A f a m i l y  o f  s o l u t i o n s  of c e r t a i n  nonautonomous 
d i f f e r e n t i a l  e q u a t i o n s  by se r ies  o f  e x p o n e n t i a l  f u n c t i o n s "  by 
T .  G .  P r o c t o r  and H.  H. Suber .  NASA C o n t r a c t o r  Report  
NASA CR-1294. T h i s  paper p r e s e n t s  two theorems c o n c e r n i n g  t h e  
computa t ion  o f  p e r i o d i c  or a lmos t  p e r i o d i c  s o l u t i o n s  o f  a 
d i f f e r e n t i a l  e q u a t i o n .  The f i r s t  r e s u l t  makes u s e  o f  a t e c h n i q u e  
developed  by  Golomb [31 t o  c o n s t r u c t  a p e r i o d i c  s o l u t i o n  to a 
n o n l i n e a r  p e r i o d i c  d i f f e r e n t i a l  e q u a t i o n ,  2 = f ( t , x ) ,  f odd i n  t ,  
u s i n g  a r e c u r s i v e  t e c h n i q u e  to f i n d  t h e  c o e f f i c i e n t s  i n  a 
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t r i g o n o m e t r i c  se r ies .  The t e c h n i q u e  i s  a l s o  a p p l i c a b l e  to 
q u a s i p e r i o d i c  e q u a t i o n s ;  however, w e  were ab le  to g u a r a n t e e  
convergence o f  t h e  t r i g o n o m e t r i c  s e r i e s  o n l y  i n  t h e  p e r i o d i c  
c a s e .  The c o e f f i c i e n t s  can  b e  c a l c u l a t e d  u s i n g  a computer ;  
however, w e  found t h e  p r o c e s s  time-consuming. The second 
r e s u l t  g i v e s  t h e  e x i s t e n c e  and c o n s t r u c t i o n  o f  a n  a lmost  
p e r i o d i c  s o l u t i o n  to a d i f f e r e n t i a l  e q u a t i o n  o f  t h e  form 
2 = f ( t , x )  where f i s  odd and a lmost  p e r i o d i c  i n  t and i s  small .  
T h i s  problem has t h e  d i s t i n c t i o n  o f  b e i n g  t h e  easiest  s m a l l  
d i v i s o r  problem i n  d i f f e r e n t i a l  e q u a t i o n s  which has appea red  i n  
t h e  l i t e r a t u r e .  The pape r  i s  w r i t t e n  s o  t h a t  t h e  reader  can  
de te rmine  t h e  s i z e  o f  t h e  a l l o w a b l e  p e r t u r b a t i o n  f u n c t i o n  
( i n  t h i s  c a s e  f ( t , x ) ) ;  however, even i n  t h i s  r e l a t i v e l y  s imple  
problem t h e  r e s u l t i n g  c a l c u l a t i o n s  are  q u i t e  time-consuming. 
The two theorems d e s c r i b e d  above a re  t h e n  a p p l i e d  to t h e  problem 
o f  r e d u c i n g  a 2-vec tor  l i n e G r  d i f f e r e n t i a l  e q u a t i o n  3; = P ( t ) y  
to t h e  e a s i l y  handled  form z = Az. 

( 2 )  "Uniqueness and s u c c e s s i v e  approx ima t ions  f o r  f u n c t i o n a l  
d i f f e r e n t i a l  e q u a t i o n s "  by  T.  G .  P r o c t o r .  T h i s  p a p e r  w i l l  appea r  
i n  t h e  J o u r n a l  of Mathemat ica l  A n a l y s i s  and A p p l i c a t i o n s .  The 
t h e o r y  o f  f u n c t i o n a l  d i f f e r e n t i a l  e q u a t i o n s  i s  n o t  as comple te  
as t h a t  of o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n s .  T h i s  pape r  w a s  
w r i t t e n  to p r o v i d e  a bas i s  f o r  s t u d y i n g  t h e  e x i s t e n c e  and 
computa t ion  of  s o l u t i o n s  of f u n c t i o n a l  d i f f e r e n t i a l  e q u a t i o n s  
p o s s e s s i n g  c e r t a i n  p r o p e r t i e s ,  f o r  example,  p e r i o d i c i t y .  The 
f i r s t  r e s u l t  e s t a b l i s h e s  a d i f f e r e n t i a l  i n e q u a l i t y  ana logous  t o  
t h e  Kamke d i f f e r e n t i a l  i n e q u a l i t i e s  for o r d i n a r y  d i f f e r e n t i a l  
e q u a t i o n s .  The use  of  such  a theorem i s  i l l u s t r a t e d  r e p e a t e d l y  
i n  ( 5 )  below. The theorem i s  t h e n  a p p l i e d  to t h e  e x i s t e n c e  and 
c o n s t r u c t i o n  o f  s o l u t i o n s  to t h e  i n i t i a l  v a l u e  problem 

where ( $ ( t )  i s  a g i v e n  f u n c t i o n  and F i s  a d e l a y  f u n c t i o n a l .  I n  
a l a t e r  p a p e r  w e  p l a n  to u s e  t h e  a n a l y s i s  above to s t u d y  t h e  
e x i s t e n c e  and c o n s t r u c t i o n  of p e r i o d i c  s o l u t i o n s  to a p e r i o d i c  
f u n c t i o n a l  d i f f e r e n t i a l  e q u a t i o n .  

( 3 )  " C h a r a c t e r i s t i c  m u l t i p l i e r s  f o r  some p e r i o d i c  
d i f f e r e n t i a l  e q u a t i o n s "  by T .  G .  P r o c t o r .  T h i s  p a p e r  w i l l  appea r  
i n  t h e  Proceedings  o f  t h e  American Mathemat ica l  S o c i e t y .  T h i s  
p a p e r  g i v e s  two new theorems which g i v e  t h e  c o n s t r u c t i o n  o f  
p e r i o d i c  s o l u t i o n s  to n o n l i n e a r  d i f f e r e n t i a l  e q u a t i o n s .  The 
s m a l l n e s s  c o n d i t i o n  on t h e  p e r t u r b a t i o n  f u n c t i o n  i s  r e p l a c e d  
by f i n d i n g  a n  upper  and lower t r i a l  s o l u t i o n .  These theorems 
are  q u i t e  u s e f u l  i n  c o n s t r u c t i n g  examples o f  s y s t e m s  which 
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p o s s e s s  p e r i o d i c  s o l u t i o n s  i n  sys t ems  where t h e  p e r t u r b a t i o n  i s  
n o t  small .  The same c o n s t r u c t i o n  i s  v a l i d  f o r  a lmos t  p e r i o d i c  
d i f f e r e n t i a l  e q u a t i o n s ;  however, t h e  h y p o t h e s i s  i s  hard  to 
v e r i f y  i n  t h i s  c a s e .  The r e s u l t s  are  a p p l i e d  to t h e  problem 
o f  f i n d i n g  c h a r a c t e r i s t i c  m u l t i p l i e r s  f o r  t h e  2-vec tor  l i n e a r  
d i f f e r e n t i a l  e q u a t i o n  x = P ( t ) x ,  P w i t h  p e r i o d  T .  A knowledge o f  
t h e  c h a r a c t e r i s t i c  m u l t i p l i e r s  and v e c t o r s  e n a b l e s  one to 
d e t e r m i n e  t h e  s o l u t i o n s  f o r  a l l  t b y  c a l c u l a t i n g  t h e  s o l u t i o n  
v a l u e s  f o r  0 < t < T .  - - 

( 4 )  " P e r i o d i c  s o l u t i o n s  f o r  p e r t u r b e d  n o n l i n e a r  d i f f e r e n t i a l  
e q u a t i o n s "  by T .  G .  P r o c t o r .  T h i s  p a p e r  has been s u b m i t t e d  to 
t h e  P roceed ings  of  t h e  American Mathemat ica l  S o c i e t y .  Here w e  
g e n e r a l i z e  t h e  b a s i c  r e s u l t s  i n  p e r i o d i c a l l y  p e r t u r b e d  l i n e a r  
sys tems to p e r i o d i c  p e r t u r b e d  n o n l i n e a r  sys t ems .  The r e s u l t s  
shou ld  g i v e  new i n f o r m a t i o n  conce rn ing  t h e  mot ion  o f  n o n l i n e a r  
s p r i n g s ,  e t c . ,  i n  t h e  p r e s e n c e  o f  n o i s e .  The advan tages  o f  
such  a t h e o r y  have been p o i n t e d  o u t  above .  The c h i e f  d i f f i c u l t y  
comes i n  s o l v i n g  t h e  u n p e r t u r b e d  n o n l i n e a r  i n i t i a l  v a l u e  problem; 
however, t h i s  i s  known i n  many a p p l i c a t i o n s .  The r e s u l t s  can  
a l s o  be a p p l i e d  to t h e  d e t e r m i n a t i o n  o f  c h a r a c t e r i s t i c  m u l t i p l i e r s  
of  p e r i o d i c  2-vec tor  sys tems x = P ( t ) x  as i n  (4) above .  Here 
one r e d u c e s  t h e  problem to a R i c a t t i  e q u a t i o n  w i t h  p e r i o d i c  
c o e f f i c i e n t s .  If these  c o e f f i c i e n t s  a re  n e a r l y  c o n s t a n t  t h e  
problem i s  e a s i l y  s o l v e d  s i n c e  s o l u t i o n s  to R i c a t t i  e q u a t i o n s  
w i t h  c o n s t a n t  c o e f f i c i e n t s  a r e  w e l l  known. 

( 5 )  " I n t e g r a l  m a n i f o l d s  f o r  p e r t u r b e d  n o n l i n e a r  sys tems"  
by H .  H .  Sube r .  T h i s  i s  D r ,  S u b e r ' s  d i s s e r t a t i o n  and has been 
approved by Clemson U n i v e r s i t y .  C u r r e n t l y  Dr. Suber  i s  
condens ing  t h e  r e s u l t s  and w i l l  submit  them f o r  p u b l i c a t i o n  soon .  

The main theorem i n  t h i s  p a p e r  g e n e r a l i z e s  b a s i c  r e s u l t s  
conce rn ing  t h e  e x i s t e n c e  o f  i n t e g r a l  m a n i f o l d s  f o r  p e r t u r b e d  
c o n d i t i o n a l l y  s tab le  l i n e a r  s y s t e m s  of  o r d i n a r y  d i f f e r e n t i a l  
e q u a t i o n s  [ 2 ] .  S u f f i c i e n t  c o n d i t i o n s  are  g i v e n  f o r  t h e  e x i s -  
t e n c e  o f  a n  i n t e g r a l  man i fo ld  f o r  p e r t u r b e d  n o n l i n e a r  sys tem,  
i n  a neighborhood o f  a c r i t i c a l  p o i n t ,  p e r i o d i c  o r b i t  or p e r i o d i c  
s u r f a c e ,  i n  t h e  c a s e  where t h e  unpe r tu rbed  s t a t e  e x h i b i t s  
c o n d i t i o n a l l y  s t ab le  b e h a v i o r .  Although t h e  proof  o f  t h e  
theorem i s  c o n s t r u c t i v e  i n  n a t u r e  i t  i s  n o t  e x p e c t e d  t h a t  t h e  
t e c h n i q u e  w i l l  be o f  g r e a t  v a l u e  f o r  computa t iona l  p u r p o s e s .  
However, es t imates  f o r  a l l o w a b l e  s i z e  o f  p e r t u r b a t i o n  are 
r e a d i l y  a v a i l a b l e .  

One copy o f  each o f  t h e  p a p e r s  above i s  e n c l o s e d  as p a r t  
o f  t h i s  r e p o r t .  
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D r .  S u b e r ' s  f i n a l  two y e a r s  were sponsored  under  t h i s  g r a n t  
d u r i n g  which t i m e  he c o n t r i b u t e d  p a p e r s  (1) and (5) above .  
T a l k s  c o v e r i n g  t h e  p a p e r s  (l), ( 2 )  and ( 3 )  were p r e s e n t e d  to 
t h e  Mathemat ica l  A s s o c i a t i o n  o f  America ( S p r i n g  1968) and t h e  
American Mathemat ica l  S o c i e t y  ( F a l l  1969). Three one-hour 
p r e s e n t a t i o n s  conce rn ing  t h e  p a p e r s  above were g i v e n  a t  Langley 
Research  Cen te r  d u r i n g  t h e  p e r i o d  o f  t h e  g r a n t .  
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1. I N T R O D U C T I O N  

D i f f e r e n t i a l  e q u a t i o n s  which e x p r e s s  y ' ( t )  as a f u n c t i o n  o f  

p a s t  and p r e s e n t  v a l u e s  of y ( t )  have been c a l l e d  d e l a y  f u n c t i o n a l  

d i f f e r e n t i a l  e q u a t i o n s .  Many of t h e  ideas from t h e  t h e o r y  o f  

o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n s  have been g e n e r a l i z e d  for t h i s  

t y p e  of  e q u a t i o n  i n c l u d i n g  t h e  b a s i c  i d e a s  o f  e x i s t e n c e  and 

uniqueness  o f  s o l u t i o n s  o f  i n i t i a l  v a l u e  problems.  

Let a and to be numbers where -a < a < a and t ( >  a )  i s  a - 0 -  

f i n i t e  number. I n  c a s e  a = - 00 r e a d  [ a ,  t ]  as ( a ,  t].  Suppose 

t h a t  + ( t )  i s  a p r e s c r i b e d  con t inuous  n -vec to r  f u n c t i o n  on [ a ,  

and w e  wish to f i n d  a con t inuous  f u n c t i o n  y ( t )  on some i n t e r v a l  

[ a ,  to + a],  a > 0 ,  such  t h a t  

where f( t ,  $ ( * ) )  i s  a f u n c t i o n  ( f u n c t i o n a l )  d e f l n e d  f o r  t i n  

[to, to + a]  and $ i n  C ( t )  and t a k i n g  v a l u e s  i n  Rn and where 

C ( t )  i s  a l l  con t inuous  f u n c t i o n s  from [ a ,  t ]  i n t o  some se t  D 

i n  R n .  It i s  known c11 - C31 t h a t  f o r  a p p r o p r i a t e  se t s  D i f  F i s  

*This  work was s u p p o r t e d  
A d m i n i s t r a t i o n  under  Research  

by t h e  N a t i o n a l  Aeronau t i c s  and Space 
Grant  NGR 41-001-016. 
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c o n t i n u o u s  and s a t i s f i e s  a L i p s c h i t z  c o n d i t i o n  i n  $, t h e n  t h e  

i n i t i a l  v a l u e  problem has a unique  s o l u t i o n  and t h i s  s o l u t i o n  

may be c o n s t r u c t e d  b y  s u c c e s s i v e  a p p r o x i m a t i o n s .  

I n  t h i s  p a p e r  w e  g i v e  theorems ana logous  to t h e  Nagumo and 

Wintner  theorems for o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n s  [ 4 ]  which 

p rove  t h e  s o l u t i o n  of  t h e  i n i t i a l  v a l u e  problem (1) for o t h e r  

c o n d i t i o n s  on F i s  un ique  and can  be c o n s t r u c t e d  by  s u c c e s s i v e  

approx ima t ions .  

2 .  A DIFFERENTIAL INEQUALITY 

F i r s t  w e  g i v e  a l e m m a  on d i f f e r e n t i a l  i n e q u a l i t i e s  which i s  

ana logous  to t h e  Kamke d i f f e r e n t i a l  i n e q u a l i t y  theorems f o r  

o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n s  C41, 151. L e t  D be  a r e g i o n  i n  

Rn and l e t  F be  a f u n c t i o n  t a k i n g  v a l u e s  i n  Rn f o r  to  < t < to  + a 

and $ i n  C ( t ) ,  where C D ( t )  i s  a l l  c o n t i n u o u s  f u n c t i o n s  from 

[ a ,  t ]  i n t o  D ,  w i t h  t h e  p r o p e r t i e s  t h a t  l i m  F ( t n ,  $ n ( * ) )  = 

- - 

D 

n-ta 
F ( t ,  $ ( * ) )  whenever t ,  , * * e  are i n  [to, to  + a] ,  $ Y  $1 * * -  

be long  

t o p o l o g y ) .  

(-a, t ]  i n t o  some compact s u b s e t  o f  D . )  

( t ,  Q2) i n  the domain o f  F and $,(s) - < q2(s) f o r  a - < s - < t imply 

F ( t ,  $1(*)) Here a v e c t o r  i n e q u a l i t y  < means t h a t  

e v e r y  component o f  t he  l e f t  v e c t o r  i s  less t h a n  t h e  c o r r e s p o n d i n g  

component of t h e  r i g h t  v e c t o r ,  e t c .  Also n o t e  t h a t  w e  u s e  t h e  

same n o t a t i o n  for a f u n c t i o n  $ g i v e n  on an i n t e r v a l  [u, t ]  and 

i t s  r e s t r i c t i o n  to a s u b i n t e r v a l  [ a ,  t ' ]  C [ a ,  t] .  

to C D ( t o  + a )  and tn 3 t, Qn -t $ ( i n  t h e  sup  norm 

( I f  a = -m, C , ( t )  i s  a l l  c o n t i n u o u s  f u n c t i o n s  from 

F u r t h e r ,  l e t  ( t ,  $1), 

F ( t ,  q2(*)). 
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LEMMA 1. 

and b e  such  t h a t  

L e t  z b e  a con t inuous  f u n c t i o n  from [a, to t a]  i n t o  D - 

and l e t  y ( t )  be  a con t inuous  f u n c t i o n  w i t h  t h e  p r o p e r t i e s  

Proof .  Suppose y ( t )  

[ to,  to  + a].  

k E (1, 2 ,  * - * ,  n )  

z ( t )  on some l a r g e s t  i n t e r v a l  [to, S] i n  

If f o r  some (Mere 6 cou ld  be t o . )  

z k ( 6 )  = y k ( 6 )  t h e n  

which i m p l i e s  z ( t )  - < y ( t )  f o r  v a l u e s  of t i n  a r i g h t  neighborhood 

o f  6 ,  t h u s  6 = to  t a .  

3/4,1/2 T h e  monotonic b e h a v i o r  o f  f i s  c r u c i a l  s i n c e  y ( t )  = 2 
4 i s  a s o l u t i o n  o f  y l ( t )  = 1 / y ( t / 2 )  on 1 - < t < 4 and z ( t )  = t 

s a t i s f i e s  (1) on 1 - < t < 41'7; however, z ( t )  > y ( t )  f o r  

23/14 < t < Q1l7. Thus, t h e  Kamke d i f f e r e n t i a l  i n e q u a l i t y  t y p e  

theorem r e q u i r e s  a d d i t i o n a l  c o n d i t i o n s .  The c o n t i n u i t y  c o n d i t i o n  

on f i s  s u f f i c i e n t  to g u a r a n t e e  t h e  e x i s t e n c e  o f  a t  l eas t  one 

s o l u t i o n  to (l), s e e  [l], [ 2 ] .  The d i f f e r e n t i a l  i n e q u a l i t y  theorem 

above t h e n  w i l l  i n f e r  t h e  e x i s t e n c e  o f  a r i g h t  maximal s o l u t i o n  to 

(1) as Coppel [SI does f o r  o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n s .  Then 
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t h e  s t r i c t  i n e q u a l i t y  i n  ( 2 )  may be r e p l a c e d  w i t h  < p r o v i d e d  y ( t )  

i s  t h e  maximal s o l u t i o n  of (l), s e e  Coppel [5] .  
- 

3. A UNIQUENESS THEOREM. 

L e t  @ be a g i v e n  con t inuous  n v e c t o r  va lued  f u n c t i o n  on 

[a, to] and l e t  C b ( t )  be t h e  c o l l e c t i o n  o f  c o n t i n u o u s  f u n c t i o n s  

f ( s )  on [a, t ]  which a g r e e  w i t h  $ on [a, to] and which l i e  i n  

S ( @ ( t o ) ,  b )  f o r  to  < s - < t - < to  + a ,  ( g ( y 0 ,  b )  = {Y: ly-y0l 5 b f ) .  

Let  f b e  a f u n c t i o n  t a k i n g  v a l u e s  i n  Rn f o r  t i n  [to, to  + a ]  

- 

and Q i n  C b ( t )  w i t h  t h e  p r o p e r t y  t h a t  l i m  f ( t n ,  q n ( * ) )  = f ( t ,  $(a)) 

n-tm 
whenever t ,  t l ,  a * * ,  are i n  [to, + a ] ,  $, Ql, * * * ,  be long  to 

Cb ( to  + a )  and tn -+ t ,  Qn + Q ( i n  t h e  sup  norm t o p o l o g y ) .  

I n  a d d i t i o n  t o  t h e  c o n t i n u i t y  r equ i r emen t  above,  w e  want to 

impose a r e s t r i c t i o n  on f which i s  ana logous  to t h e  Nagumo con- 

d i t i o n .  For t h i s  purpose  we d e f i n e  a se t  o f  l i n e a r  f u n c t i o n a l s .  

Le t  W b e  t h e  s e t  o f  a l l  l i n e a r  f u n c t i o n a l s  w ,  o f  t h e  t y p e  
t +a 

r O  

d e f i n e d  f o r  to < t < to + a ,  x a con t inuous  f u n c t i o n  on 

[a, to + a ]  where q ( t ,  s) i s  as d e s c r i b e d  below and where t h e  

f u n c t i o n a l  d i f f e r e n t i a l  e q u a t i o n  

- 

' 0 ,  has a s o l u t i o n  f w ( t )  on some i n t e r v a l  [a, t 

such  t h a t  f w  does  n o t  v a n i s h  on ( to,  to + 
+ B W l ,  where 6, 

and 

l i m  f , ( t>/ t  - to # 0 .  Here n(t, s )  i s  
t-tt + 

0 
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(4) 1 on 
(i) defined, real-valued/(to, to + a] x [ a ,  to  + a], 

(ii) constant for t - < s, 

(iii) nondecreasing in s, 

(iv) continuous in t uniformly with respect to s. 

Some examples of such linear functionals w in which fw(t) = tP, 

0 < p L l a r e  

(a) w(t, ~(9) = - x(s)ds where a = -E, to  = 0, 6w = E. 

1 w(t, x(*)) = c[Ax(t) + Bx(t/2)] where a = to  = 0, A, B, 

such that p = A + B/2p, and 
(b) 

= 0. 1 2 (e) w(t, x(*)) = x(t ) where a = 
t 

THEOREM 1. Let F be as specified above and satisfy 

I U t ,  4q*)) - ut ,  $*(*) ) I2  w(t,lb!J1 - $ , > I ( * ) > ,  ( 5 )  

for ( t ,  $ J ~ ) ,  ( t ,  Q 2 )  in the domain of F, for t > to  and for some 

w - in W. Then the initial value problem (1) has at most one 

solution on any interval [a, to  + E] f o r  small - E > 0. 

Proof. 

on some interval [ a ,  + E]. By shrinking E we may suppose that 

for y(t> = yl(t) - y2(t), (y(to + &)I Z 0 and E - < 6w. 

the solution x(t) = 0, a - < t - < to x(t) = TIy(to + &)lfW(t)/ 
Ifw(to + 4, to < t - < to + E of the initial value problem (3). 

By (5) we have 

Assume there are two different solutions y,(t) and y2(t) 

Consider 
1 

D+iY(t) i - < w(t, i y ~ )  I 1, to  < t - < to + E .  
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For any 0 < CJ < E t h e  i n i t i a l  v a l u e  problem 

has a unique  s o l u t i o n ,  namely x ( t ) ,  s i n c e  w ( t ,  x(-)) s a t i s f i e s  a 

L i p s c h i t z  c o n d i t i o n  i n  x for t i n  T h e  remarks 

f o l l o w i n g  Lemma 1 t h e n  i m p l y  t h a t  w e  cannot  have x ( t )  > I y ( t ) l  on 

a r i g h t  neighborhood of to. 

of  p o i n t s  tk  -f to such  t h a t  

[to + 0 ,  to  + E ] .  

Hence, t h e r e  i s  a d e c r e a s i n g  sequence 

l y ( t k ) l  - ' x( t , ) ,  k = 1, 2 ,  ' * * .  

Thus x ( t , ) / ( t k  - t o j ,  -f 0 b u t  t h i s  i s  i m p o s s i b l e  s i n c e  
+ 

l i m  f w ( t ) / t  - to  # 0 as t 3 to . Hence y ( t  f E )  = 0. 
0 

Remark 1. The  p roof  o f  t h e  theorem makes u s e  of  t h e  l i n e a r i t y  o f  

t h e  f u n c t i o n a l  w and t h e  form o f  t h e  s o l u t i o n s  of ( 3 ) .  It i s  n o t  

r e a d i l y  a p p a r e n t  how one would g e n e r a l i z e  Kamke's un iqueness  

theorem [4] s i n c e  i f  w ( t ,  x(*)) i s  a n o n l i n e a r  f u n c t i o n a l ,  a 
1 s o l u t i o n  o f  (1) p a s s i n g  th rough  F l y ( t o  + E )  I may no t  e x i s t .  

Remark 2 .  It i s  p o s s i b l e  to r e l a x  t he  r e q u i r e m e n t s  on t h e  

i n t e g r a t o r  f u n c t i o n  q ( t ,  s )  i n  t h e  c a s e  of n t h  o r d e r  s c a l a r  

f u n c t i o n a l  d i f f e r e n t i a l  e q u a t i o n s  as shown by Theorem 3 below. 
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4. SUCCESSIVE APPROXIMATIONS. 

Next we wish t o  show that the sequence of successive approxi- 

converges for t in [ a ,  to + 131 to a solution of (1) where 
13 = min{a, E, "w) and where M is such that I F ( t ,  $ ( . ) ) I  - < M when 

t It is 

easy to see that (6) defines a sequence. 

b 

< t < to  + min{a, 6w) and $ is in Cb(to + min{a, " } ) .  
0 -  - 

THEOREM 2. - Let F be as specified above and satisfy 

IW, $-p)) - ut,  $, ( * ) ) I  L W ( t ,  - $ , I ( * ) ) ,  

for ( t ,  

in W. Then the sequence (5) converges t o  the solution of (1) on 

( t ,  $,) in the domain of F and t > to,  for some w 

L - 
[to, to  + e l .  

Proof. The sequence (6) is uniformly bounded and uniformly equi- 

continuous on [to, to  + p] so by Ascoli's theorem there is a 

subsequence {y ( t ) )m converging to some function y(t) uniformly 

on [to, to + 131. Hence the sequence {yn +1 (t)}" 

uniformly to some function y*(t) on [to, to  + 133. 
show X ( t )  E 0, where 

*k k = l  
converges 

If we can 
k k = l  
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t h e n  y = y* = t h e  unique  s o l u t i o n  o f  (1) and thus t h e  whole 
W 

sequence {y,(t 1 Inz1 converges  to y ( t )  un i fo rmly  on [ to,  to + B1 
(see Hartman [ 4 ] ,  pp.  4 and 4 1 ) .  The r ema inde r  of t h e  p roof  

amounts to f i rs t  showing D X ( t )  - < w ( t ,  h ( t ) ) .  Then i f  we suppose  

X ( t )  3 0 we may r e p e a t  t h e  s t r a t e g y  i n  Theorem 1 t o  get a con- 

t r a d i c t i o n .  The d e t a i l s  i n  t h e  c a s e  of o r d i n a r y  d i f f e r e n t i a l  

e q u a t i o n s  are g i v e n  i n  [ 6 1  and [ ? I .  

+ 

5.  A UNIQUENESS THEOREM FOR SCALAR PROBLEMS. 

L e t  Cp be a r e a l - v a l u e d  f u n c t i o n  w i t h  n-1 con t inuous  d e r i -  

v a t i v e s  d e f i n e d  on [ a ,  to]; and f o r  t i n  [to, to  + a]  l e t  C b ( t )  

b e  t h e  se t  of a l l  r e a l - v a l u e d  f u n c t i o n s  f w i t h  n-1 c o n t i n u o u s  

d e r i v a t i v e s  d e f i n e d  on [ a ,  t] which a g r e e  w i t h  Cp on [ a ,  to]  and 

s a t i s f y  

I f ( k ) ( t )  - Cp(k)(to)I 5 b ,  k = 0 ,  1, * * . ,  n-1, 

t i n  ( to,  to + a],(r(k) i s  t h e  k t h  - d e r i v a t i v e  o f  f ) .  L e t  

U ( t ,  x(-)) b e  r e a l - v a l u e d  for t i n  [to, to + a] and x i n  C b ( t )  

and be  such  t h a t  l i m  U( tn ,  q n ( - ) )  = U ( t ,  $ ( = ) )  whenever 

t ,  t l ,  t.2, . * *  i s  i n  [to, to+a],  Q ,  ql, . . *  b e l o n g  t o  C b ( t o  + a )  

and tn + t ,  qn -+ I/J ( i n  t h e  sup  norm t o p o l o g y ) .  

n- 

An n t h  - o r d e r  i n i t i a l  v a l u e  problem f o r  d e l a y  f u n c t i o n a l  d i f f e r -  

e n t i a 1  e q u a t i o n s  i s  to f i n d  a f u n c t i o n  y i n  C b ( t o  + a )  such  t h a t  

< t  - < t o + a .  (7) 

Of c o u r s e  t h i s  t y p e  of problem i s  a s p e c i a l  c a s e  o f  the  i n i t i a l  

v a l u e  problem (1); however i n  t h i s  form i t  i s  p o s s i b l e  to g i v e  new 
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h y p o t h e s i s  on U so  t h a t  ( 7 )  has a t  most one s o l u t i o n  on any i n -  

t e r v a l  [to, to + E] for small & > 0 .  

g e n e r a l i z e s  a r e s u l t  due to Wintner  [8] which i s  g i v e n  i n  ex- 

panded form i n  Hartman [4], page 34. 

T h e  f o l l o w i n g  theorem 

THEOREM 3. 

( i )  - (iii) o f  (4) and l e t  U ( t ,  x(*)) s a t i s f y  

L e t  n k ( t ,  s ) ,  k = 0 ,  1, 2 ,  . * . ,  n-1 s a t i s f y  c o n d i t i o n s  

for t 2 ( to ,  to + a] ,  where t h e  n k ( t )  a re  non-negat ive  f u n c t i o n s  

such  t h a t  

Then there  i s  at most one s o l u t i o n  to ( 7 )  on any i n t e r v a l  

[ao, to  + E ]  f o r  small E > 0.  

The p r o o f  i s  a n  e a s y  e x t e n s i o n  o f  t h e  p r o o f  g i v e n  i n  Hartman 

Cbl, page 558. 
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CHARACTERISTIC MULTIPLIERS FOR SOME 
P E R I O D I C  DIFFERENTIAL EQUATIONS 

T .  G .  P r o c t o r *  

1. I n t r o d u c t i o n .  Le t  P ( t )  be  a 2 x 2 m a t r i x  w i t h  e l emen t s  

which a r e  con t inuous  r e a l  va lued  f u n c t i o n s  o f  p e r i o d  T and 

c o n s i d e r  t h e  d i f f e r e n t i a l  e q u a t i o n  

where x i s  a v e c t o r  w i t h  two components. It i s  w e l l  known [ 7 ]  

t ha t  t h e r e  a r e  numbers A1 and h 2 ,  c a l l e d  c h a r a c t e r i s t i c  m u l t i -  

p l i e r s ,  and co r re spond ing  s o l u t i o n s  x , ( t ) ,  x 2 ( t )  o f  (11, c a l l e d  

normal s o l u t i o n s ,  which s a t i s f y  f o r  i = 1, 2, 

T 

0 
x i ( t  + T )  = A i X i ( t ) ,  -co < t < 1 1 x 2  = exp J t r a c e  P ( t ) d t .  

I f  hl f A;, and i n  some c a s e s  when A1 = A 2  any such  normal 

s o l u t i o n s  x , ( t ) ,  x 2 ( t )  are independen t .  

l edge  of t h e  c h a r a c t e r i s t i c  m u l t i p l i e r s  and t h e  v a l u e s  o f  

I n  t h i s  c a s e  a know- 

x , ( t ) ,  x 2 ( t )  f o r  0 - < t - < T g i v e s  i n f o r m a t i o n  f o r  e v e r y  s o l u t i o n  

of (1) f o r  a l l  t .  It i s  c l e a r  t h a t  co r re spond ing  s t a t e m e n t s  

can be made f o r  t h e  second o r d e r  e q u a t i o n  

* T h i s  work was suppor t ed  by t h e  N a t i o n a l  Aeronau t i c s  and 
Space A d m i n i s t r a t i o n  under  Research  Grant  NGR 41-001-016. 
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w i t h  con t inuous  p e r i o d i c  c o e f f i c i e n t  f u n c t i o n s  p ( t ) ,  q ( t )  

s i n c e  t h i s  r e s u l t s  from t h e  c a s e  

C a l c u l a t i o n  o f  t h e  c h a r a c t e r i s t i c  m u l t i p l i e r s  i s  no t  

r o u t i n e  s i n c e  i n  g e n e r a l  one does no t  know even one non- 

t r i v i a l  s o l u t i o n  of (1). However i t  i s  p o s s i b l e  to o b t a i n  

convergent  ser ies  r e p r e s e n t a t i o n s  for t h e  s o l u t i o n s  and t h u s  

c a l c u l a t e  approximate  v a l u e s  f o r  t h e  m u l t i p l i e r s  [ 2 ] ,  181. 

An a l t e r n a t i v e  procedure  for o b t a i n i n g  t h e  c h a r a c t e r i s t i c  

m u l t i p l i e r s  and t h e  c o r r e s p o n d i n g  normal s o l u t i o n s  for (1) i s  

p o s s i b l e  whenever a n  a s s o c i a t e d  R i c c a t i  d i f f e r e n t i a l  e q u a t i o n  

has a p e r i o d i c  s o l u t i o n .  I f  we make t h e  change o f  c o o r d i n a t e s  

x = z 

t h e  R i c c a t i  e q u a t i o n  

1 1 + y ( t ) z 2 ,  x2 = z 2  i n  (1) where y ( t )  i s  a s o l u t i o n  o f  

t h e  d i f f e r e n t i a l  e q u a t i o n  i n  z can be i n t e g r a t e d .  T h i s  g i v e s  

THEOREM 1. ( a )  If x ( t )  = column (x ( t ) ,  x ( t ) )  i s  a s o l u t i o n  1 2 

1 2 o f  (1) t h e n  y ( t )  = x ( t ) / x  ( t )  i s  a s o l u t i o n  o f  ( 2 )  on any 
2 i n t e r v a l  on which x (t) does n o t  v a n i s h .  ( b )  I f  y ( t )  i s  a 

s o l u t i o n  o f  ( 2 )  on a n  i n t e r v a l  I c o n t a i n i n g  t h e  number k t h e n  
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i s  a s o l u t i o n  o f  (1) on I .  ( e )  I f  y ( t )  i s  a s o l u t i o n  o f  

( 2 )  w i t h  p e r i o d  nT and f i s  t h e  mean v a l u e  o f  ~ ~ ~ ( t ) y ( t )  + 

p 2 2 ( t )  o v e r  t h e  p e r i o d  nT, where n i s  a p o s i t i v e  i n t e g e r ,  

t h e n  e nTf i s  a c h a r a c t e r i s t i c  m u l t i p l i e r  f o r  (I) f o r  t h e  

p e r i o d  nT and ( 3 )  i s  a normal s o l u t i o n  o f  (1) c o r r e s p o n d i n g  

to t h i s  m u l t i p l i e r .  

I n  s e c t i o n s  2 and 3 o f  t h i s  p a p e r  w e  w i l l  p rove  two 

theorems w i t h  r a t h e r  r e s t r i c t i v e  hypo theses  which g i v e  t h e  

e x i s t e n c e  o f  a p e r i o d i c  s o l u t i o n  o f  ( 2 ) .  The theorem i n  

s e c t i o n  2 e a 3  b e  viewed as a s p e c i a l  c a s e  o f  t h e  theorem i n  

s e c t i o n  3 .  We a l s o  mention o t h e r  known t e c h n i q u e s  f o r  

c o n s t r u c t i n g  p e r i o d i c  s o l u t i o n s  to t h e  R i c c a t i  d i f f e r e n t i a l  

e q u a t i o n  

S i m i l a r  a n a l y s i s  f o r  t h e  d i f f e r e n t i a l  e q u a t i o n  (1) where 

P ( t )  i s  n x n and x i s  a n  n v e c t o r  leads to t h e  s t u d y  o f  a 

m a t r i x  R i c c a t i  d i f f e r e n t i a l  e q u a t i o n  and t h e  a n a l y s i s  i s  

more d i f f i c u l t .  The t e c h n i q u e  o f  u s i n g  a R i c c a t i  d i f f e r e n t i a l  

e q u a t i o n  has been used  b y  Gelmand 131 and Andrianov [l] for t h e  

c a s e  of q u a s i p e r i o d i c  c o e f f i c i e n t s  p i j ( t ) .  

2 .  b ( t )  has nonzero  mean v a l u e .  L e t  H b e  t h e  s e t  o f  a l l  

con t inuous  r e a l  v a l u e d  f u n c t i o n s  w i t h  p e r i o d  T ,  l e t  b E H ,  

l e t  B ( t )  = b ( s ) d s  and i n  t h i s  s e c t i o n  w e  w i l l  assume 

B(T) Z 0 .  Also suppose  u ,  R E H and s a t i s f y  R ( t )  < u ( t )  for - 

1: 
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a l l  t and l e t  K be t h e  s u b s e t  o f  H c o n s i s t i n g  o f  f u n c t i o n s  

f where R ( t ) c f ( t ) < u ( t ) .  - - F u r t h e r  assume q ( t ,  z) i s  a con- 

t i n u o u s  r e a l  va lued  f u n c t i o n  d e f i n e d  f o r  R ( t )  < z < u ( t )  

such  t h a t  f o r  any f i x e d  z ,  q E H and d e f i n e  9: K -f H by  

- - 

THEOREM 2 .  

( 2 )  

( 3 )  

t h e  sequences  { 3 m u ( t ) ) i _ ,  - and m R ( t ) ) i = l  converge 

uni formly  to p e r i o d i c  s o l u t i o n s  of' 

If (1) g u ( t )  5 u ( t ) ,  R ( t )  1. gR(t) f o r  a l l  t and 

e - B ( T ) -  1 > 0 and z - < w i m p l i e s  q ( t ,  z) 1. q ( t ,  w) o r  

e - B ( T ) -  1 < 0 and z - < w i m p l i e s  q ( t ,  z )  2 q ( t ,  w ) ,  t h e n  

= b ( t ) z  t q ( t ,  z). (4) d t  

P roof .  The h y p o t h e s i s  (1) and ( 2 )  o r  (1) and ( 3 )  imply tha t  

i f  h,  k E K and h ( t )  < k ( t )  f o r  a l l  t t h e n  g h ( t )  < g k ( t )  for 

a l l  6. Thus t h e  sequences  { ~ " R ( t ) ) ~ - ,  - and { g m u ( t ) ) i - o  - are 

nondec reas ing  and n o n i n c r e a s i n g  r e s p e c t i v e l y ,  un i fo rmly  

bounded and e q u i c o n t i n u o u s .  

Remarks. I f  z ( t )  i s  a p e r i o d i c  s o l u t i o n  o f  ( 4 )  where 

- - 

q ( t ,  z) = c(t)(w(t) + d2 ,  

t 
a ( s )  exp I b ( v ) d v  ds  

-1 t S 

' 
-B(T w ( t )  = 

e 

we have t h a t  y ( t )  = w ( t )  + z ( t )  i s  a p e r i o d i c  s o l u t i o n  o f  ( 2 ) .  

If g ( t )  i s  a p e r i o d i c  s o l u t i o n  o f  (4) where q ( t ,  y )  = 

a ( t )  + c ( t ) y L  t h e n  y ( t )  i s  a p e r i o d i c  s o l u t i o n  of  ( 2 ) .  
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Example. If we regard the right member of = (y - 1) x 

(y - 2) as having period 2 n  the corresponding transformation 

3 is given by 

-3 t  t t 2 n  
g h ( t )  = e3s[h2(s) + 21ds. 

e -1 t 

We note u(t) = 5 /4 ,  R ( t )  = 0 satisfy the conditions of the 

theorem and gmR(t), gmu(t) converge to 1 as m + 00. 

Several theorems on periodic solutions of (2) are given 

in Hale [6, pp. 28-31] which result from the contraction 

mapping theorem and successive approximations. Using Theorem 

5.1 [6] a periodic solution exists if (1) (c(t)l is small 

enough ( q ( t ,  z) = c(t)(w(t) + z) , y = w(t) + z(t)) or (2) if 

la(t)l is small enough ( q ( t ,  y) = a(t) + c(t)y2). We state 

without proof an obvious modification (for the scalar case) 

of Theorem 5.2 [ S I  because of its relation to (1). Let 

h E: H and have mean value zero. Let r and 0 be positive 

numbers and let q ( t ,  y, y )  be a continuous real valued function 

for all t ,  -r - < y - < r and 11-11 - < 0 .  

for fixed (y, 1-11 and satisfy for lyl, lzl - < P, 11-11 0 

2 

Further let q be periodic 

where rl(1-1, p )  is continuous and nondecreasing in 1-1 and in p 

for 11- 1 1  < 0 ,  o < p < r. - - 
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THEOREM 3. There i s  a 6 ,  0 < 6 < a, s o  t h a t  f o r  11-11 < 6 

%X. = p [ b ( t )  + q ( t ,  y ,  1-11 + h ( t ) l  

has a p e r i o d i c  s o l u t i o n  which i s  t h e  l i m i t  o f  s u c c e s s i v e  

approx ima t ions .  

COROLLARY. Let  p ( t ,  p), c ( t ,  1-1) be con t inuous  r e a l  va lued  

f u n c t i o n s  d e f i n e d  on R x [ O ,  01 which s a t i s f y  p ( t ,  0) = 

d t  

c ( t ,  0) = 0 ,  p ,  c E H f o r  f i x e d  11, l e t  q ,  r ,  h E H,  h w i t h  

z e r o  mean v a l u e ,  r w i t h  nonzero mean v a l u e  and let 

Then f o r  1-1 s u f f i c i e n t l y  small there  i s  a p e r i o d i c  s o l u t i o n  

y ( t )  o f  ( 2 )  and eTf i s  a c h a r a c t e r i s t i c  m u l t i p l i e r  f o r  (1) 

where f i s  t h e  mean v a l u e  of  p , , ( t ) y ( t )  + p , , ( t ) .  

By r e p l a c i n g  t by t / p  we see t h a t  a n  a l t e r n a t i v e  s t a t e -  

ment f o r  t h i s  c o r o l l a r y  i s  tha t  t h e r e  i s  a number A. and a 

s o l u t i o n  o f  

s a t i s f y i n g  x(t + pT) = X x ( t >  when 1-1 i s  small enough. 

Wasow [ g ]  and Golomb [4] have developed a r e c u r s i v e  

scheme f o r  c o n s t r u c t i n g  p e r i o d i c  s o l u t i o n s  f o r  t he  q u a s i -  

l i n e a r  d i f f e r e n t i a l  e q u a t i o n  y = b ( t ) y  + q ( t ,  y, 1-1) when 

b ( t )  has nonzero mean v a l u e  and 1-1 i s  s m a l l .  The r e s u l t i n g  

theorems p r o v i d e  a n o t h e r  t e c h n i q u e  f o r  o b t a i n i n g  p e r i o d i c  



7 

s o l u t i o n s  o f  ( 2 )  and t h u s  o b t a i n i n g  c h a r a c t e r i s t i c  m u l t i p l i e r s  

f o r  (1). Golomb [ S I  a l s o  shows t h a t  i n  c e r t a i n  c a s e s  t h i s  

r e c u r s i v e  scheme leads d i r e c t l y  to a c a l c u l a t i o n  o f  t h e  

c h a r a c t e r i s t i c  m u l t i p l i e r s  and co r re spond ing  normal s o l u t i o n s .  

3. Gene ra l  Case. Let  H‘ be  any c l o s e d  subspace  o f  H i n  t h e  

uniform topo logy  and f o r  any f E H d e f i n e  M f  = - f ( t ) d t .  

Le t  R ,  u be  i n  H’ w i t h  R ( t )  - < u ( t )  for a l l  t and let K be  a l l  

f u n c t i o n s  i n  H’ l y i n g  between R and u .  

q ( t ,  y ,  v )  i s  d e f i n e d  and con t inuous  f o r  R ( t )  - < y - < u ( t )  

11-11 f CT f o r  some CT > 0 and has p e r i o d  T f o r  f i x e d  ( y ,  1-1). 

For any number a s a t i s f y i n g  R ( 0 )  - < a 5 u ( 0 )  and 11-11 - < CT 

J: 
F u r t h e r  suppose 

d e f i n e  da : K -f H b y  
Y 1 - I  

THEOREM 4 .  

R ( t )  5 ga 
i m p l i e s  ja 

For f i x e d  ( a ,  1-1) i f  j a ( K ) C H ’ ,  ya,l-I u ( t )  5 u w ,  

%( t )  f o r  a l l  t and i f  y ,  z E K ,  y ( t )  

y ( t )  5 j ’ayl-Iz( t )  f o r  a l l  t t h e n  t h e  sequences  

z ( t )  
Y 1 - I  

Y 1 - I  
00 co am U ( t ) l m = O  converge uni formly  to f u n c t i o n s  rn ‘3 a , 1-1 ( t  ’m= 0 9 a ,  1-I 

R * ( t ,  a ,  p), u * ( t ,  a ,  u )  s a t i s f y i n g  

The proof  i s  i d e n t i c a l  to t h a t  o f  Theorem 2 .  

COROLLARY. If R * ( t ,  a ,  1-1) e x i s t s  and M { q ( t , R * ( t , a , p ) ,  1-1)) = 0 

t h e n  2% i s  a p e r i o d i c  s o l u t i o n  o f  
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An analogous statement holds for u*(t, a, p). 

As an example of this theorem and corollary consider 

q(t, y, p) = y sin t ,  a = 1, and H’ the set of all even 

functions in H, R ( t )  f 1 and u ( t )  = e 1-cos t 

Hale 1 6 ,  pp. 38-44] gives several theorems for periodic 

solutions of = b(t)y + q(t, y, p) in the case where b(t) 
has zero mean value and q is small for small p. These theorems 

again use successive approximation and the contraction 

mapping theorem. In the application of these theorems to 

the differential equations the symmetry properties of 

q ( t ,  y, p )  play an important role in the analysis t o  determine 

if the bifurcation equations M ( t ,  y(t)) = 0 have a solution. 
4 

One of the simplest cases arises when b(t) = 0 and q(t, y, p) 

is odd in t .  In this particular case the recursive method 

developed by Wasow and Golomb also gives a convergent 

series expansion for the solution for small p. 

4. Final Remarks. Note that if T is the least period of 

P ( t )  in (1) then the coefficient functions a, b, c in (2) 

have least period 0 or T/n for some positive integer n. 

By applying the construction procedures used in Theorems 

2, 3, o r  4, we construct solutions of (2) with period T/n 

or 0. Then by replacing nT by T in Theorem 1, we obtain 

a characteristic multiplier for the period T. 
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For a given matrix Q(t )  we notice that all matrices 

P(t) = Q ( t )  + K ( t )  have the same associated Ricatti 

differential equation (2) if K ( t )  has the form 

If for some such K ( t )  equation (1) can be solved, Theorem 1 

may be used to solve equation (2). This in turn furnishes 

a method to solve 4 = Q(t)x. This remark applies even if 

none of the functions in Q(t) and K ( t )  are periodic. How- 

ever in the case of periodic P(t) suppose ; = P(t)x has a 

normal solution, column (x (t), x (t)) where x ( t )  does not 1 2 2 

vanish. If X is the corresponding characteristic multiplier, 

y(t) = x (t)/x ( t )  and g = Mp(t), then leTg is a characteristic 

multiplier for 4 = Q(t>x and a corresponding normal solution 

1 2 

is given by (3) where p22 is replaced by p22 - p .  

Since the proof of Theorem la and b does not require 

the periodicity of P(t), theorems which imply the existence 

of bounded or almost periodic solutions of (2) or the 

asymptotic form of certain solutions of (2) also give 

information concerning the solutions of (1). 
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T .  G .  P r o c t o r ,  P e r i o d i c  s o l u t i o n s  f o r  p e r t u r b e d  n o n l i n e a r  

d i f f e r e n t i a l  e q u a t i o n s .  

A b s t r a c t :  The e x i s t e n c e  of  p e r i o d i c  s o l u t i o n s  of  a 

p e r i o d i c a l l y  p e r t u r b e d  sys tem of  n o n l i n e a r  d i f f e r e n t i a l  

e q u a t i o n s  i s  e s t a b l i s h e d .  The  c o n s t r u c t i o n  o f  such  s o l u t i o n s  

i s  proved i n  a more r e s t r i c t e d  s i t u a t i o n .  These r e s u l t s  

g e n e r a l i z e  w e l l  known r e s u l t s  f o r  p e r t u r b e d  l i n e a r  d i f f e r e n t i a l  

e q u a t i o n s .  Examples are  g i v e n .  
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T .  G .  P r o c t o r 9  

1. I n t r o d u c t i o n .  I n  t h i s  p a p e r  we i n v e s t i g a t e  t h e  e x i s t e n c e  

and c o n s t r u c t i o n  of  p e r i o d i c  s o l u t i o n s  o f  a p e r i o d i c a l l y  p e r t u r b e d  

system of n o n l i n e a r  d i f f e r e n t i a l  e q u a t i o n s .  The p e r t u r b e d  

system i s  s t u d i e d  u s i n g  a n  i n t e g r a l  e q u a t i o n  i n t r o d u c e d  by  

Alekseev [l], [21 which i s  a g e n e r a l i z a t i o n  of  t h e  v a r i a t i o n  

of c o n s t a n t s  i n t e g r a l  e q u a t i o n .  The t e c h n i q u e s  used  are 

ana logous  t o  t h o s e  used i n  e s t a b l i s h i n g  t h e  e x i s t e n c e  o f  

p e r i o d i c  s o l u t i o n s  i n  p e r t u r b e d  l i n e a r  sys tems [ 3 ] .  Almost 

p e r i o d i c  p e r t u r b a t i o n s  o f  n o n l i n e a r  s y s t e m s  have been s t u d i e d  

by  May C 4 l  u s i n g  a s i m i l a r  t e c h n i q u e ;  however, o u r  s y s t e m s  

w i l l  no t  n e c e s s a r i l y  meet h i s  r e q u i r e m e n t s .  

2 .  E x i s t e n c e  o f  p e r i o d i c  s o l u t i o n s .  L e t  P ,  6 ,  G b e  p o s i t i v e  

numbers w i t h  6 < 0 ,  l e t  S 6  and S 0  be  t h e  c l o s e d  s p h e r e s  of  

r a d i i  6 and G r e s p e c t i v e l y  i n  Rn and l e t  f ( t , x )  be a C1 f u n c t i o n  

from R x S o  i n t o  Rn w i t h  p e r i o d  P i n  t .  

assumpt ions  conce rn ing  t h e  f u n c t i o n  f .  

6 

We make t h e  f o l l o w i n g  

( i )  y i n  S i m p l i e s  t h e  s o l u t i o n  X ( t , T , y )  o f  t h e  

unpe r tu rbed  i n i t i a l  v a l u e  problem 

I; = f ( t , x ) ,  

R 
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e x i s t s  for 0 - < t - T  - < P .  

(ii) There i s  a set  K C  S6 s o  t h e  f u n c t i o n  F g i v e n  by 

is a homeomorphism o f  K o n t o  F(K). 

We deno te  t h e  con t inuous  f u n c t i o n s  w i t h  p e r i o d  P from 

R into S6 by S,.  

c o n t i n u o u s  f u n c t i o n  from R x S ~ X [ O , E ~ ]  into Rn and s a t i s f y  

L e t  t h e  p e r t u r b a t i o n  f u n c t i o n  g ( t , x , ~ )  b e  a 

( i v )  g has p e r i o d  P i n  t, g ( t , x , O )  z 0. 

( v )  For k i n  S ,  and 

w e  assume y ( k , ~ )  i s  i n  F(K) f o r  0 < E < E - 0 '  - 

L e t  S be the  Banach space of a l l  c o n t i n u o u s  f u n c t i o n s  w i t h  

p e r i o d  P from R i n t o  Rn w i t h  t h e  supremum norm and l e t  T be 

a n  o p e r a t o r  from S 6  i n t o  S d e f i n e d  by 



3 
THEOREM 1. For  E small enough T has  a f i x e d  p o i n t  y ( t ) .  

F u r t h e r  y ( t )  i s  a p e r i o d i c  s o l u t i o n  of  t h e  p e r t u r b e d  d i f f e r e n t i a l  

e q u a t i o n  

; = f ( t , Y )  + g ( t , y , d .  

ax P r o o f ,  The h y p o t h e s i s  on f i m p l i e s  x ( t , T , y >  and - ( t , - r , y )  

are con t inuous  f o r  y i n  S and 0 < t - . r  < P .  C o n d i t i o n s  (iii) 

and ( i v )  imply 

aY 

- - 6 

l i m  x ( t , O , F - l ( y ( k , E > ) )  = 0 
E+ 0 

un i fo rmly  for 0 < t < P and k i n  S s o  choose E so  t h a t  
6 1 

TS c S f o r  0 - < E 5 E ~ .  It i s  e a s i l y  checked t h a t  T i s  
6 -  6 

c o n t i n u o u s ,  S 6  i s  c l o s e d  and convex and T S 6  h a s  a compact 

c l o s u r e  i n  Sg; t h e r e f o r e  by t h e  Schauder  f i x e d  p o i n t  theorem 

t h e r e  i s  a f u n c t i o n  y ( t )  = Ty(t). T h i s  r e p r e s e n t a t i o n  shows 

y ( t )  h a s  a d e r i v a t i v e  which i s  g i v e n  by 

- - 

where x ( t )  = x(t,O,F-’(y(y,E))). Also w e  have 
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0 
t 

T h e r e f o r e  f o r  

2 Example 1. The i n i t i a l  v a l u e  problem = x , x ( 0 )  = Y h a s  

s o l u t i o n  

1 
2P  F o r  K = [--,Ol t h e  f u n c t i o n  

i s  c o n t i n u o u s  and has c o n t i n u o u s  i n v e r s e  

a - J a 2 - 4 a , P  
F-’(u) = 2 



Theorem 1 es t ab l i shes  t h e  e x i s t e n c e  o f  a p e r i o d i c  s o l u t i o n  

t o  a p e r t u r b e d  n o n l i n e a r  d i f f e r e n t i a l  e q u a t i o n ;  however, no 

c o n s t r u c t i o n  i s  g i v e n  f o r  s u c h  a s o l u t i o n ,  I n  many c a s e s  it 

seems u n r e a l i s t i c  to suppose  t h a t  T i s  a c o n t r a c t i o n  o p e r a t o r  

s i n c e  F-' may n o t  be  L i p s h i t z  as i n  t h e  example.  

s e c t i o n  does p r o v i d e  a method to c o n s t r u c t  p e r i o d i c  s o l u t i o n s  

i n  a s p e c i a l  s i t u a t i o n .  

The f o l l o w i n g  

3.  C o n s t r u c t i o n  of  p e r i o d i c  s o l u t i o n s .  L e t  R be a r e g i o n  

i n  R n ,  and l e t  f ( t , x )  be a C '  f u n c t i o n  from R x R  i n t o  Rn  w i t h  

p e r i o d  P > 0 i n  t and l e t  l ( t ) ,  u ( t )  be c o n t i n u o u s  f u n c t i o n s  

from R i n t o  s2 w i t h  p e r i o d  T w i t h  R ( t )  - < u ( t ) ,  0 - < t - < P where 

a v e c t o r  i n e q u a l i t y  R - < u means the  components ti, ui o f  t h e  

v e c t o r s  R ,  u s a t i s f y  Xi - < u i = 1,2 ,..., n .  L e t  

' t h e n  for y i n  S w e  assume 



6 

( i f )  t h e  s o l u t i o n  x ( t , . , y )  o f  t h e  i n i t i a l  v a l u e  problem 

e x i s t s  f o r  0 < t--r < P ,  T any r e a l  number; and - - 

( i i ' )  t h e  f u n c t i o n  F g i v e n  by  

F(Y)  = y - X ( P , O , y )  

i s  a homeomorphism o f  S o n t o  F ( S ) .  

L e t  g ( t , x )  b e  a con t inuous  f u n c t i o n  from RxS i n t o  Rn w i t h  

p e r i o d  P i n  t and l e t  S% b e  t h e  s e t  o f  con t inuous  f u n c t i o n s  

k ( t )  from R i n t o  Fin w i t h  p e r i o d  P s a t i s f y i n g  l ( t )  - < k ( t )  - < u ( t )  

f o r  a l l  t .  For k i n  S* and 

w e  assume y ( k )  i s  i n  F ( S ) .  And w e  d e f i n e  a n  o p e r a t o r  T on 

SIE i n t o  S b y  
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THEOREM 2 .  I f  L ( t )  < T . t ( t ) ,  T u ( t )  < u ( t )  f o r  0 < t < P and i f  

k, h i n  S* w i t h  k ( t )  - < h ( t ) ,  0 - < t - < P i m p l i e s  T k ( t )  - < T h ( t ) ,  
m a  0 - < t - < P ,  t h e  sequences  ( T  Rim=-,, 

to f i x e d  p o i n t s  o f  T .  If y i s  a f i x e d  p o i n t  of  T t h e n  y ( t )  

s a t i s f i e s  

- - - - 

converge  un i fo rmly  m= 0 Tmu 

W a3 

P r o o f .  The sequences  { T m L ( t  ) )m=O and {Tmu(t  1 are  

n o n d e c r e a s i n g  and n o n i n c r e a s i n g  r e s p e c t i v e l y ,  un i fo rmly  bounded 

and e q u i c o n t i n u o u s .  Hence t h e y  converge  un i fo rmly  to l i m i t  

f u n c t i o n s  which a re  f i x e d  p o i n t s  of T .  The proof t h a t  such  a f i x e d  

p o i n t  i s  a s o l u t i o n  o f  t h e  p e r t u r b e d  d i f f e r e n t i a l  e q u a t i o n  i s  

i d e n t i c a l  to t h a t  g i v e n  f o r  Theorem 1. 

Example 2 .  The i n i t i a l  v a l u e  problem = x ( 1 - x ) ,  x ( 0 )  = y has  

s o l u t i o n  

t - T  

X ( t , T , Y )  = ye 
l + y ( P - l )  

t h e  f u n c t i o n  



a 
has c o n t i n u o u s  i n v e r s e  

( eP- l )  ( l + a ) + J  (eP-1)2(1+a)2+4a(e  P -1) 

F(Y * )  - < a - < 0 .  L e t  h ( t )  be  a nonnega t ive  f u n c t i o n  o f  p e r i o d  P 

such  t h a t  

P 

l e t  

and l e t  R ( t )  = 0 ,  u ( t )  = 1, 0 - < t I_ P .  It i s  easy to v e r i f y  

t h e  c o n d i t i o n s  o f  t h e  theorem i f  P i s  s m a l l  enough. 

4. F i n a l  remarks. The h y p o t h e s i s  ii and ii' of  Theorems 1 

and 3 r e s p e c t i v e l y  i s  ana logous  to t h e  n o n c r i t i c a l i t y  r equ i r emen t  

[ 3 ]  made f o r  u n p e r t u r b e d  l i n e a r  s y s t e m s .  The e x i s t e n c e  o f  

p e r i o d i c  s o l u t i o n s  to p e r t u r b e d  n o n l i n e a r  sys tems c o r r e s p o n d i n g  

to t h e  c r i t i c a l  c a s e  can  be t r ea t ed  u s i n g  t h e  methods above.  

However, i f  one imposes hypo theses  similar to t h o s e  used  i n  

Theorem 1 t h e  q u e s t i o n  of a s o l u t i o n  to t h e  r e s u l t i n g  b i f u r c a t i o n  

e q u a t i o n s  i s  no t  e a s i l y  e s t a b l i s h e d .  T h i s  f o l l o w s  s i n c e  w e  

do n o t  know t h e  dependence o f  t h e  f i x e d  poin t  y ( t )  as a f u n c t i o n  

o f  E .  Hypotheses s imi l a r  to t h o s e  used  i n  Theorem 2 are ex t r eme ly  

hard  t o  v e r i f y  s i n c e  t h i s  r e q u i r e s  tha t  t h e  d i f f e r e n c e  between a 

f u n c t i o n  g ( t , x )  and i t s  mean v a l u e  be monotone ove r  a c l a s s  o f  

p e r i o d i c  f u n c t i o n s  x ( t  ) .  
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A FAMILY O F  SOLUTIONS OF CERTAIN 
NONAUTONOMOUS DIFFERENTIAL EQUATIONS BY SERIES 

OF EXPONENTIAL FUNCTIONS 
by T .  G .  P r o c t o r  and H. H.  Suber  

1. INTRODUCTION 

We c o n s i d e r  i n  t h i s  p a p e r  t h e  c o n s t r u c t i o n  o f  s o l u t i o n s  

f o r  c e r t a i n  nonautonomous d i f f e r e n t i a l  e q u a t i o n s .  The f i r s t  

r e s u l t  makes use  of  a t e c h n i q u e  developed by Golomb E51 

and Wasow [lo] f o r  c o n s t r u c t i n g  s o l u t i o n s  of  some non- 

l i n e a r  d i f f e r e n t i a l  e q u a t i o n s  b y  means of  s e r i e s  o f  

e x p o n e n t i a l  f u n c t i o n s .  The t e c h n i q u e  as employed here 

g i v e s  e x p l i c i t  formulae  f o r  a f a m i l y  of  p e r i o d i c  s o l u t i o n s  

of a R i c a t t i  e q u a t i o n  w i t h  odd p e r i o d i c  c o e f f i c i e n t  and 

f i n i t e  F o u r i e r  s e r i e s  expans ion .  

Fol lowing  t h i s  i s  a theorem conce rn ing  t h e  e x i s t e n c e  

of  a f a m i l y  o f  a lmost  p e r i o d i c  s o l u t i o n s  of t h e  v e c t o r  

d i f f e r e n t i a l  e q u a t i o n  

Here y i s  an  m-vector;  g ( t ,  y )  i s  q u a s i - p e r i o d i c  and odd i n  

t and s a t i s f i e s  c e r t a i n  o t h e r  c o n d i t i o n s .  ( A  q u a s i - p e r i o d i c  

f u n c t i o n  i s  a f u n c t i o n  a lmost  p e r i o d i c  i n  t w i t h  a f i n i t e  

. )  The  theorem i s  base  o f  f r e q u e n c i e s  wl., u2, . . .  
9 @n 

a g e n e r a l i z a t i o n  o f  a r e s u l t  conce rn ing  p e r i o d i c  s o l u t i o n s  

when g ( t ,  y )  i s  p e r i o d i c  i n  t [ 2 ] ,  i n  p a r t i c u l a r ,  t h e  

R i c a t t i  zase mentioned above .  The p roof  o f  t h e  theorem 

u t i l i z e s  a method d e v i s e d  b y  Kolmogorov [7 ]  t o  overcome t h e  



problem o f  a r b i t r a r i l y  small d i v i s o r s  and g i v e s  a method o f  

c o n s t r u c t i n g  approx ima t ions  t o  the  a lmost  p e r i o d i c  s o l u t i o n s .  

S ince  we assume tha t  g has a f i n i t e  base of f r e q u e n c i e s  we 

can  p r e s e n t  t h e  sys tem o f  e q u a t i o n s  i n  an  autonomous form by 

c o n s i d e r i n g  a h i g h e r  d imens iona l  v e r s i o n  of t h e  d i f f e r e n t i a l  

e q u a t i o n .  The theorem i s  as f o l l o w s :  

Let  x be an  n v e c t o r ,  l e t  y be an  m v e c t o r  and c o n s i d e r  

t h e  d i f f e r e n t i a l  e q u a t i o n s  

where f ( x ,  y )  = - f ( -x ,  y ) ,  and where t h e  components of  

f ( x ,  y )  are a n a l y t i c  f o r  IyI  - < Rl and ( I m x (  - < R2, and 

where f has p e r i o d   IT i n  each  of t h e  components of  x .  

Suppose t h a t  t h e  v e c t o r  Q = (wl, w2, 

an i n e q u a l i t y  

0 ,  w n )  s a t i s f i e s  

f o r  some p o s i t i v e  c o n s t a n t s  K and v and a l l  v e c t o r s  

. .  * ,  k ) w i t h  i n t e g e r  components where k = (k l ,  k 2 ,  n 
n n 

k * Q  E 1 kiwi and l k l  E 1 lkil # 0 .  Then i f  f ( x ,  y )  
i=l i=l 

i s  s u f f i c i e n t l y  s m a l l  f o r  l y l  

i s  a neighborhood o f  y = 0 such t h a t  a l l  s o l u t i o n s  of  (1.1) 

RL and IImxl - < R2, there  

s t a r t i n g  i n  t h i s  neighborhood are  a lmost  p e r i o d i c  w i t h  base 

f r e q u e n c i e s  Q. 

2 



We n o t e  t h e  r equ i r emen t  on $2 ( i n e q u a l i t y  ( 1 . 2 ) )  i s  n o t  

s t r i n g e n t .  I f  'v > n ,  such  a c o n s t a n t  K e x i s t s  f o r  a lmost  

a l l  ( i n  t h e  sense of  Lebesgue measure)  [2]. The proof  

o f  t h i s  theorem i s  g i v e n  b y  c o n s t r u c t i n g  an  i n f i n i t e  se- 

quence of  c o o r d i n a t e  t r a n s f o r m a t i o n s  s o  t h a t  i n  t h e  l i m i t i n g  

s e t  o f  c o o r d i n a t e s  t h e  d i f f e r e n t i a l  e q u a t i o n s  can b e  i n -  

t e g r a t e d  i n  a neighborhood o f  y = 0 .  

The l as t  s e c t i o n  g i v e s  an  a p p l i c a t i o n  of t h e  r e s u l t s  

mentioned above.  

2 .  THE PERIODIC CASE 

Let Ik deno te  t h e  s e t  o f  a l l  k - t u p l e s  o f  non-negat ive 

i n t e g e r s .  

t h e  f o l l o w i n g  t e c h n i q u e .  Let (n l ,  n2, . .  0 ,  n k )  E Ik, l e t  

m = 2  3 

The e l emen t s  o f  Ik can be counted a c c o r d i n g  to 

nk n 
i . .  * pk where p i s  t h e  i t h  prime P i  i 

nl n2 

number i = 1, 2 ,  * 0 , k ,  t h e n  deno te  (n l ,  n 2 ,  - 3  nk)  

b y  Nm. Note t h a t  N1 = (0, 0 ,  * - ., 01, N 2  = (1, 0 ,  - * ,  O), 

e t c .  The n a t u r a l  o r d e r i n g  of  t h e  non-negat ive i n t e g e r s  t h e n  

* .  For  o r d e r s  a l l  t h e  e l emen t s  of  Ik, N l ,  N 2 ,  . .  

N n ,  N m E Ik we make t h e  f o l l o w i n g  remarks :  

i )  m i s  prime i f f  Nm i s  of t h e  form (O,O, **-,l, - - *  0 ) .  

ii) Def ine  a d d i t i o n  i n  Ik component-wise. Then 

= NQ i f f  nm = R. Nn Nm 
We s a y  t h a t  Nn - < Nm i f f  n - < m and Nn < Nm 

i f f  n < m. From ii) i t  i s  c l e a r  t ha t  

iii) 

Nn t Nm = NR i m p l i e s  t h a t  Nn - < N R  and Nm - < N R .  

3 



For w rea l  l e t  52 = (w, - w, 2 0 ,  - 2 w ,  * ., kw, -kw). NOW 

. .  n ) E 12k l e t  m’ be t h e  f o r  Nm = (nl ,  n 2 ,  

i n t e g e r  s o  t h a t  Nm, = (n2 ,  n l ,  ’ * J  n2k3 n2k-l  ) .  We 

obse rve  t h a t  N m g Q  = - N m , * Q .  

” n2k- lJ  2k 

L e t  Ok deno te  t h e  c l a s s  o f  

odd p e r i o d i c  f u n c t i o n s  of  t h e  r ea l  v a r i a b l e  t wi th  p e r i o d  

27rw which have f i n i t e  F o u r i e r  se r ies  c o n t a i n i n g  on ly  terms 

of t h e  t y p e  f . e  8 i j w t  f o r  j = *l, 2 2 ,  0 ,  +k.  Using 
J 

t h e  above n o t a t i o n  w e  may r e p r e s e n t  f u n c t i o n s  i n  Ok i n  t h e  

form 

n prime 

where f n  = -fn s i n c e  f i s  odd. 

Theorem 2 . 1 .  Fo r  rl > 0 s u f f i c i e n t l y  small t h e  d i f f e r -  

e n t i a l  e q u a t i o n  

where a ,  b and c E Ok, h a s  an  even p e r i o d i c  s o l u t i o n  y ( t )  

of t h e  form 

( 2 . 3 )  

Proof. Assume t h a t  ( 2 . 2 )  h a s  a s o l u t i o n  of  t h e  form 

i n d i c a t e d .  Then f o r m a l l y  w e  have 

4 



iNn.Qt 
, (2.4) rl c [.. + c Ymbp + 

mp=n Rmp=n 
p prime p prime NnE12k 

where a b. and c j prime are the coefficients of the 
j’ 3 3’ 

series representations (2.1) of a, b, and c respectively. 

Now in case Nn-Q # 0 we write 

f 
n prime 

(2.5) 

+ c yfiymcp], n not prime 
Rmp=n 

Yn 

p prime p prime 

and for Nn*R = 0 ,  

y n = o .  (2.5~~) 
iNn * R t  

Suppose that the terms containing e on the right 

side of (2.4) vanish whenever Nn*R = 0. Then by remark iii) 

above we see that (2.5) defines yn recursively so that (2.3) 

will be a formal solution. To show that this is indeed the 

case we present the following. 

Lemma 2.2. Let {yh} be the sequence of numbers defined -- 
by 2.5. Then yn = yn-. 
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Proof .  The p roof  i s  by i n d u c t i o n .  I f  N n * Q  = 0 t h e n  

c l e a r l y  yn  = yn 

suppose t h a t  y, = y, , for a l l  m < n .  

and s o  i n  p a r t i c u l a r  f o r  n = 1. Now 

Then w e  may wr i t e  

where p i s  pr ime.  But mp = n i f f  m-p' = n'. So w e  see 

t h a t  yn  = yn which p roves  t h e  l e m m a .  

Lemma 2 . 3 .  I f  Nn E 12k i s  such  t h a t  N n * R  = 0 t h e n  

+ C ,YRYmCp = 0.9 
+ ,Ymbp 1 YRYmcp Rmp=n mp=n 

+ 
mp=n 1 ymbp Rmp=n 

where p i s  pr ime.  

P roof .  By Lemma 2 . 2  w e  have y, = yn, f o r  a l l  n and 

s i n c e  b and c E O k ,  w e  may w r i t e  

mp=n Ymbp = mp=n 1 ym-(-bp,) = -  mp=n 1 -Ymbp 

and 

where p i s  pr ime.  
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Now i n  o r d e r  to show t h a t  ( 2 . 2 )  i s  a s o l u t i o n  o f  

e q u a t i o n  ( 2 . 1 )  we w i l l  prove t h a t  formal  se r ies  ( 2 . 3 )  w i t h  

d e f i n e d  by ( 2 . 5 )  converges  uni formly  and a b s o l u t e l y  f o r  Yn 
a l l  t and rl s u f f i c i e n t l y  small. 

Let C r e p r e s e n t  t h e  complex p l a n e ,  f o r  

z = ( 2 - p  22’  a ,  z ~ ~ )  E C 2 k  and Nn E: 12k 

and l z l  =maxlz.l. A Nn n 2 *  . *2k 
= z1 z2 “2k J 

d e f i n e  

f u n c t i o n  f 
J 

mapping C 2 k  i n t o  C i s  a n a l y t i c  i n  t h e  p o l y d i s k  

( z  E C2k : 

has t h e  r e p r e s e n t a t i o n ,  

I z .  I r) of  r a d i u s  r about  t h e  o r i g i n  i f f  f 1 -  

Nn f ( z )  = 1 anz  
NnE12k 

where the sum i s  uni formly  and a b s o l u t e l y  convergent  i n  

t h e  p o l y d i s k .  I n  c a s e  f i s  a n a l y t i c ,  Cauchy’s  i n e q u a l i t y  

g i v e s  for l z l  - < 6 

where I N n l =  nl t n2 t - * . t n2k and M = sup I f ( z ) l .  
I z l = S  

NOW for z E c * ~  l e t  
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2k 

j =1 
c*(z) = lCjlZj ; 

and let u(z) = f(a*(z), b*(z), c * ( z > )  where 

c f 0  

c = 0. 

Note that u is the solution of the equation 

* ( 2 )  + a*] (2.7) 2 u(z) = q[c*u ( 2 )  + b u 

which vanishes when a* = b* = e* = 0. We see that u(z> 

is an analytic function of z in any region which does not 

include zeros of the function 

Now for 6 > 0 choose '1, > 0 so that lg(z)I > 0 

whenever Izl - < 1 + 6; e.g. for L = max{lajl,lbjl,lcjl}, 
j 

1 1 let no  < L k ( 1 + 6 )  9 then ' 1 0 l a * l 3  qolb"l, 'lolc*I < band 

8 



w e  see t h a t  i n  t h i s  c a s e  l g ( z ) I  > 0 .  Now for a l l  I), 

0 < TI < no w e  have u a n a l y t i c  i n  t h e  p o l y d i s k  Iz l  < 1 + 6. 
Hence, i n  t h i s  p o l y d i s k  u h a s  t h e  r e p r e s e n t a t i o n  

- 

where 

w i t h  M = sup l u ( z ) l .  

J 
i z .  1=1+6 

On t h e  other hand, s u b s t i t u t i n g  f r o m  ( 2 . 8 )  i n t o  ( 2 . 7 )  

and u s i n g  ( 2 . 6 )  w e  o b t a i n  

q l a n l  n prime 

C Umlbpl + u R u ~ c P ,  n n o t  pr ime.  I" mp=n Rmp=n 
p prime p prime 

Comparing t h i s  w i t h  t h e  r e c u r s i o n  formula (2.4), w i t h  

y1 = 0 ,  w e  see immediately t h a t  
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1 < -  
Nn 1 - - w  M C  

NnE12k ( 1 t 6 )  ' , 

which n o t  o n l y  p roves  a b s o l u t e  and uni form convergence ,  

b u t  a l s o  g i v e s  a bound f o r  t h e  s o l u t i o n  y ( t ) .  

Remarks: 

i )  

ii) 

iii) 

I n  t h e  p roof  o f  Lemma 2 . 2  w e  showed t h a t  

f o r  a l l  Nn E 12k such t h a t  - Yn - Yn* 
N n - Q  # 0. 

t h e  s o l u t i o n  found above i s  even i n  t. 

From t h i s  w e  conc lude  t h a t  

Note a l so  t h a t  t h e  solution has z e r o  

mean v a l u e .  

The p a r t i c u l a r  o r d e r  r e l a t i o n  used  here f o r  

Ik i s  not e s s e n t i a l  t o  t h e  p r o o f .  

Golomb [SI and Wasow [lo] f o r  d i f f e r e n t  

schemes. 

See 

It i s  p o s s i b l e  t o  u s e  t he  r e s u l t  i n  t h i s  s e c t i o n  

d i r e c t l y  t o  o b t a i n  s o l u t i o n s  w i t h  mean v a l u e  o t h e r  

t h a n  z e r o .  L e t  f ( t ,  y )  r e p r e s e n t  t h e  r i g h t  s ide  

of e q u a t i o n  ( 2 . 1 )  and suppose t h a t  y ( t )  i s  t he  

s o l u t i o n  of' 



Y’ = f(t, y) 

given above. For  any fixed constant e, let 

z = y + c in (2.1). The theorem gives a 

technique for obtaining a solution of the 

new equation 

z’ = f*(t, z), 

where f*(t, z) = f(t, z - c) with zero mean 
value. This in turn gives a solution to the 

original equation with mean value - c .  

iv) Let y be an n-vector, let p,(t) be an n-vector 

with components p R ( j ) ( t )  E ok, j = 1,2;**,n, 

R = 1,2,”’. Then the differential equation 

(2.10) N!L Y’ = rl 1 P,(t)Y 
NRE12k 

R<@J 
where the right side converges for l y l  < r may 

be solved using the techniques of this section. 

The only essential difference occurs when one 

attempts to find an analytic solution of the 

corresponding equation (2.8). Here one may use 

the implicit function theorem to show existence 

of such a solution for q sufficiently small. 

- 

v) The existence of periodic solutions of equations of 

the form (2.101, for q small is shown by Hale 
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3. THE QUASIPERIODIC CASE 

For any p o s i t i v e  i n t e g e r  n l e t  J deno te  t h e  s e t  of n 
a l l  n - t u p l e s  of i n t e g e r s ,  for 01 = (al, a 2 ,  . .  

* ,  an> E Jn 
n 1 lail and l e t  Cm be a l l  m v e c t o r s  ( y l , * * - , y r n >  

i=l 
l e t  la1 = 

where each  component i s  a complex number. F o r  s i m p l i c i t y  we 

w i l l  t r e a t  on ly  t h e  c a s e  where y i s  a m = 1 v e c t o r .  

We s h a l l  be concerned i n  t h i s  s e c t i o n  w i t h  f u n c t i o n s  

d e f i n e d  and a n a l y t i c  on (x, y )  

C which a r e  p e r i o d i c  o f  p e r i o d  2 ~ r  i n  each  component o f  x. 

These s u b s e t s  w i l l  b e  of  t h e  form 

s u b s e t s  o f  Cn x C1 i n t o  
1 

where t h e  norm I I o f  t h e  v e c t o r  x d e n o t e s  t h e  maximum 

o f  t h e  a b s o l u t e  v a l u e  of i t s  components. We deno te  t h e  c l a s s  

o f  such f u n c t i o n s  by P ( r ,  p )  and n o t e  t h a t  any 

g E P ( r ,  P I  has  a Four ie r -Taylor  s e r i e s  r e p r e s e n t a t i o n  

where t h e  g are complex numbers and where t h e  sum i s  t a k e n  

over  a l l  a E Jn and B E Il. 
aB 

S e v e r a l  l e m m a s  a r e  l i s t e d  below wi thou t  p r o o f .  The 

p r o o f s  are elementary and are similar t o  t h o s e  g iven  i n  [ 2 ] .  
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M > 0 i n  D(R19 R 2 ) .  

by 

The Four i e r -Tay lo r  c o e f f i c i e n t s ,  g i v e n  

- i a * x  d x l d x 2 - - * d x n ,  a E Jn, 6 E I1 - 1 - -- J J * * * J  h B ( x ) e  
haB ( 2 7 r F  

where 

and where t h e  j t h  i n t e g r a l  i s  t a k e n  from x = 0 to x =   IT, 

satisfy t h e  i n e q u a l i t y  
j j 

If b ( -x ,  y )  = -h (x ,  y )  i n  t h e  above w e  have 

- - -ha, and c o n v e r s e l y .  h-af3 If h ( -x ,  y )  = h(x, y )  w e  

- and c o n v e r s e l y .  - have h 
-aB 

Lemma 3 . 2 .  If t h e  e lements  o f  t h e  sequence 

{ha,} a E J n y  B E I1 s a t i s f y  

t h e n  



-6 i s  a n a l y t i c  f o r  IyI  - < R l e  

6 

, IImxl - < R2 - 6  f o r  any p o s i t i v e  

1 such  that  R2  - 6 > 0 ;  and i n  t h i s  domain w e  have 

Lemma 3.3. For a l l  p o s i t i v e  numbers m,  v, 6 we have 

Lemma 3 . 4 ,  (Cauchy's  I n e q u a l i t y ) .  If t h e  complex 

va lued  f u n c t i o n  h ( z )  i s  a n a l y t i c  and bounded by M f o r  

I 4  5 R ,  M,R > 0 ,  t h e n  for I z l  - < R e w 6 ,  0 < 6 < 1, w e  have 

dh 2M 
lazl 2m- 

1 

The proof  o f  t h e  main r e s u l t  o f  t h i s  s e c t i o n  depends 

a lmost  e n t i r e l y  on the f o l l o w i n g  c o n s i d e r a t i o n s .  

L e t  f E P(R1, R2) and s a t i s f y  f ( - x ,  y )  = - f ( x ,  y ) ,  

l e t  f s a t i s f y  

i n  D(R1, R 2 )  where 6 i s  s p e c i f i e d  below, let w s a t i s f y  ( 1 . 2 )  

f o r  some p o s i t i v e  c o n s t a n t s  K and v and a l l  a E J w i t h  

l o l l  # 0 and c o n s i d e r  t h e  d i f f e r e n t i a l  e q u a t i o n s  
n 
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Lemma 3 . 5 .  For each  x i n  IIrnxl - < R 2  - 2 6  there  e x i s t s  

a n  i n v e r t i b l e  t r a n s f o r m a t i o n  U d e f i n e d  on a s u b s e t  of C 

i n t o  C ,  g i v e n  by U ( q )  = y where 

( 3 . 3 )  M 
y = rl + u ( x ,  r l ) ,  I d X ,  d l  - < n + V + 2  

f o r  l n l  - < ~ ~ e - " ,  lImxl - < R~ - 2 6 .  

i n  ( 3 . 3 )  w e  o b t a i n  t h e  d i f f e r e n t i a l  e q u a t i o n s  ( 3 . 2 )  i n  t h e  

new c o o r d i n a t e s  

P u t t i n g  n = u-'(y) 

. 
x = w ,  T; = f * ( x ,  d; ( 3 . 4 )  

-4 6 and i n  D ( R l e  , R2 - 2 6 )  

F u r t h e r  w e  have f * ( x ,  n )  = - f* ( -x ,  n )  and 
-46  f'* E P ( R l e  

number s a t i s f y i n g  

, R 2  - 2 6 ) ,  Here 6 i s  t a k e n  as a p o s i t i v e  

J 

Proof. a )  D e f i n i t i o n  o f  u ( x ,  q ) :  Choose u ( x ,  q )  as 

t h e  s o l u t i o n  w i t h  mean v a l u e  z e r o  of  

(3.6 1 8 U  
ax w = f ( x ,  r l )  - 

a u  
8 X  i n  t h e  i t h  row and where ax i s  t h e  v e c t o r  w i t h  e l emen t s  - 

j t h  column. T h i s  g i v e s  

aU 

j 



where 

S ince  l f ( x ,  n)1 < M for Iy1 < R1, IImxl < R 2 ,  Lemma 3 .1 ,  

i n e q u a l i t y  ( 1 . 2 )  and t h e  above i m p l y  
b - - - 

By Lemma 3 .3  

Hence, u s i n g  Lemma 3.2 w e  have u ( x ,  Q )  d e f i n e d  and a n a l y t i c  

for 1111 < Rle - 6  , IImxl < R2 - 2 6  and bounded i n  t h i s  domain by - - 

Thus, i n e q u a l i t y  ( 3 . 3 )  i s  v a l i d  and w e  n o t e  t h a t  

u ( x ,  n) = u(-x,  0) and u E P ( R l e B 6 ,  R 2  - 2 6 ) .  

b )  The t r a n s f o r m a t i o n  U : By e q u a t i o n  ( 3 . 3 )  t h e  

set  D = {q E C 

c o n t a i n i n g  A = (y E C 

S ince  

: 1 0 1  5 Rle -26}  is mapped into a set  

: Iy1 - < Rle-36); i . e .  u ( D )  > A .  - 

( 3 . 7 )  
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- au > - > o  1 
a n  - 2  

f o r  l q l  - < Rle-26, IIrnxl - < R 2  - 2 6 ,  w e  see t h a t  U-' i s  

d e f i n e d  on A .  

u ( x ,  q) i s  d e f i n e d  and ( 3 . 7 )  h o l d s .  

Thus f o r  1111 - < Rle-IIS, IImxl - < R 2  - 26, 

c )  The f u n c t i o n  f " ( x ,  q): S u b s t i t u t i n g  from ( 3 . 3 )  

i n t o  (3.2) g i v e s  

s o  t h a t  

and w e  n o t e  h e r e  t h a t  - f" ( -x ,q)  = f % ( x , q ) .  

Now we have 

hence 

But 

( 3 . 9 )  



-6 where t h e  supremum i s  t a k e n  over  ] y  1 - < Rle 

By Cauchy's i n e q u a l i t y  

, I Imx I - < R 2 .  

a f  - 
ay 

2M < -  - ~~6 9 

t h u s  

(z) v 2  M < M 3/2,  22n+3 
f V x ,  'rl) 5 - - 

K R ~ " + ' + ~  

and t h e  proof  of t h e  lemma i s  comple te .  

Theorem 3 .1 .  L e t  f be as i n  Lemma 3 . 5 ,  Then i f  M - 
(and t h u s  6 )  i s  s u f f i c i e n t l y  small f o r  each  x i n  lImxl - < R 2 / 2  

there  e x i s t s  an  i n v e r t i b l e  t r a n s f o r m a t i o n ,  V ,  d e f i n e d  and 

a n a l y t i c  on (rl  E: C : l r l l  5 Rle i n t o  Cm,  g iven  by 

V ( v )  = y where 

Denot ing t h e  i n v e r s e  t r a n s f o r m a t i o n  rl = V-'(y) w e  o b t a i n  

t h e  d i f f e r e n t i a l  e q u a t i o n s  ( 3 . 3 )  i n  new c o o r d i n a t e s  

. 
x = w, r\ = 0 .  

Furthermore w e  have v(-x,  r l )  = v ( x ,  q). 

Proof .  Choose 61 > 0 s o  t h a t  f o r  6 = 3/2 w e  have j "-1 
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L 1 

Apply Lemma 3 .5  i t e r a t i v e l y  j t i m e s .  

t h e  f u n c t i o n  i n  t h e  t r a n s f o r m a t i o n  of c o o r d i n a t e s  a t  t h e  

Let  ui(xy y )  denote  

i t h  s t e p  and l e t  f i ( x ,  q )  deno te  t h e  co r re spond ing  r i g h t  

s i d e  o f  t h e  d i f f e r e n t i a l  e q u a t i o n .  We o b t a i n  t h e  composite 

where i n  t h e  a s s o c i a t e d  d i f f e r e n t i a l  e q u a t i o n s  

. 
x = w  , ri = f j ( X Y  r l )  , 

t h e  f u n c t i o n s  f . ( x ,  q )  s a t i s f y  
J 

We observe  t h a t  t h e  composi te  t r a n s f o r m a t i o n s  are d e f i n e d  

f o r  a l l  j i n  l q l  - < R l e  - 
-R2 , IImxl < R 2 / 2 ,  and t h a t  

CO 

t h u s  t h e  l i m i t i n g  composi te  t r a n s f o r m a t i o n  
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F(x ,  q )  = l i m  F.(x, q )  = q + v ( x ,  q) ,  
j + m  J 

w i l l  e x i s t  i n  tk;e above domain. I n  t h e  c o o r d i n a t e s  d e f i n e d  

by ( 3 . 1 1 )  t h e  d i f f e r e n t i a l  e q u a t i o n  ( 3 . 3 )  becomes 

0 . 
x = w  , q = o .  

4. APPLICATION 

Adrianov 111 and Gelmand [4] o u t l i n e d  a procedure  f o r  

f i n d i n g  a t r a n s f o r m a t i o n  x = Z ( t ) y  s o  a g i v e n  d i f f e r e n t i a l  

e q u a t i o n  

where Z ( t )  Q ( t >  a r e  almost  p e r i o d i c  n x n m a t r i c e s  and where 

P s a t i s f i e s  c e r t a i n  c o n d i t i o n s  and x i n  an  n -vec to r ,  becomes 

. 
Y = A Y ,  A c o n s t a n t  

i n  t h e  new c o o r d i n a t e s .  We s h a l l  f o l l o w  t h i s  p rocedure  and 

use  Theorem 3 .6  to e f f e c t  t h e  same t r a n s f o r m a t i o n  i n  c i r -  

cumstances where t h e  e a r l i e r  work f a i l s  to a p p l y .  

Let  H be t h e  c l a s s  of a l l  f u n c t i o n s  

where g ( u l ,  u2 ,  . . .  , u n )  i s  

p e r i o d  2.rr i n  each  ui, i = 1, 2 ,  * * ,  n .  Cons ider  t h e  

d i f f e r e n t i a l  e q u a t i o n s  

rea l  a n a l y t i c  and has 



where r? > 0 and q ,  q i j  E H and qi j  ( t )  = - q i j ( - t ) ,  i , j  = 1, 2 ,  

and where w = ( w  w . .  -, w n )  s a t i s f i e s  i n e q u a l i t y  ( 1 . 2 ) .  

We make t h e  change of' c o o r d i n a t e s  
1' 2 ,  

where T i s  any a lmost  p e r i o d i c  s o l u t i o n  of  t h e  d i f f e r e n t i a l  

e q u a t i o n  

I n  t h e  new c o o r d i n a t e s  ( 4 . 1 )  becomes 

( 4 . 4 )  

Theorem 3.6 g u a r a n t e e s  t h a t  for r? small enough e q u a t i o n  ( 4 . 3 )  

has a lmost  p e r i o d i c  s o l u t i o n s ,  which be long  t o  H.  Equa t ion  

( 4 . 4 )  may now be i n t e g r a t e d  to o b t a i n  

= a " ( t ) e  aOt c1 

= b " ( t ) e  aOt el t b * " ( t ) e  

Y l  

y2 c 2  
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where a. and bo are t h e  mean v a l u e s  of  q + nqll  - qTq21 

and + w 2 2  + nq21 T r e s p e c t i v e l y  and a*, b* and b"* E H. 

Reve r s ing  t h e  change of  c o o r d i n a t e s  ( 4 . 2 )  w e  o b t a i n  a 

fundamental  m a t r i x  s o l u t i o n  o f  ( 4 . 1 )  o f  t h e  form 

where t h e  e l emen t s  o f  P ( t )  are a lmost  p e r i o d i c  and be long  

to H. 

The change of c o o r d i n a t e s  

x = P ( t > z  

i n  ( 4 . 1 )  y i e l d s  

i = A Z .  

The c a s e  t r ea t ed  by Gelmand [4] r e q u i r e d  t h a t  t h e  l i n e a r  

t e r m  i n  t h e  r e s u l t i n g  d i f f e r e n t i a l  e q u a t i o n  for T have mean 

v a l u e  which dominates  t h e  o t h e r  e l emen t s  i n  o r d e r  t h a t  t h e r e  

e x i s t s  an  a lmost  p e r i o d i c  s o l u t i o n  of  t h i s  e q u a t i o n .  Thus 

Theorem 3 .6  p e r m i t s  u s  to c o n s i d e r  a new s i t u a t i o n .  

I f  i n  4 . 1  w e  r e q u i r e  t h a t  q ,  qi j  E Ok ( d e f i n e d  i n  

s e c t i o n  2 )  i, j = 1, 2 ,  t h e n  w e  may u s e  Theorem 2 . 1  to o b t a i n  

a n  e x p l i c i t  r e p r e s e n t a t i o n  f o r  p e r i o d i c  s o l u t i o n s  of  e q u a t i o n  

( 4 . 3 )  f o r  rl s u f f i c i e n t l y  small .  Then w e  may i n t e g r a t e  equa- 

t i o n s  ( 4 . 4 )  and o b t a i n  e x p l i c i t  s o l u t i o n s  o f  ( 4 . 1 ) .  Note 

t h a t  i f  

22 



i s  t h e  s o l u t i o n  of ( 4 . 3 )  g iven  by  Theorem 2 . 1  and T~ = 0 

w e  have p e r i o d i c  s o l u t i o n  of ( 4 . 1 ) .  The e x i s t e n c e  of these 

s o l u t i o n s  was shown by E p s t e i n  [31.  
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INTFiODUCTION 

T h i s  d i s s e r t a t i o n  e s t a b l i s h e s  t h e  e x i s t e n c e  o f  i n t e g r a l  

m a n i f o l d s  f o r  a sys tem o f  p e r t u r b e d  n o n l i n e a r  d i f f e r e n t i a l  

e q u a t i o n s  i n  a neighborhood o f  a c r i t i c a l  p o i n t .  

The n o t i o n  o f  an  i n t e g r a l  man i fo ld  f o r  a sys tem o f  

d i f f e r e n t i a l  e q u a t i o n s ,  as used  i n  this d i s c u s s i o n ,  i s  

g i v e n  here .  

sys tem o f  d i f f e r e n t i a l  e q u a t i o n s  

Let U be  a n  open s e t  i n  Rp and c o n s i d e r  t h e  

where z, Z a re  r e a l  p - v e c t o r s  and Z i s  c o n t i n u o u s  i n  R x U .  

Let z ( t , T , c )  d e n o t e  s o l u t i o n s  of (1) s a t i s f y i n g  t h e  

i n i t i a l  c o n d i t i o n  Z ( T , T , S )  = c .  For a f i x e d  number T 

+ suppose  t h e r e  e x i s t s  a se t  S which can  be r e p r e s e n t e d  i n  

t h e  f o r m  

where v = ( v l , . . . , v k ) ,  k c p ,  i s  d e f i n e d  and c o n t i n u o u s  

on [~,m)xV, V a s u b s e t  o f  RP-k.  i- The se t  S w i l l  b e  

c a l l e d  a p o s i t i v e  ( i n t e g r a l )  man i fo ld  f o r  system (1) i f  

any s o l u t i o n ,  z ( t 9 T y c )  o f  (l), w i t h  ( ~ , c )  i n  St e x i s t s  

f o r  a l l  t - T and i s  such  t h a t  ( t , z ( t , T , c ) )  i s  i n  S f o r  t 



3 

S i m i l a r l y  a se t  

where u = ( U ~ ~ . . . ~ U ~ ) ~  R < p ,  i s  d e f i n e d  and c o n t i n u o u s  

on (-m,~]xW, W a s u b s e t  o f  RP-’, w i l l  b e  c a l l e d  a n e g a t i v e  

( i n t e g r a l )  man i fo ld  f o r  s y s t e m  (1) i f  any s o l u t i o n ,  

z ( t , - r , < )  o f  (l), w i t h  ( T , < )  i n  S- e x i s t s  f o r  a l l  t - < T 

and i s  such  t h a t  ( t , z ( t , T , < ) )  i s  i n  S- f o r  a l l  t - < T. 

Suppose t h a t  s y s t e m  (1) p o s s e s s e s  a p o s i t i v e  man i fo ld  
-I- 

S w i t h  v bounded on its domain. Cons ide r  t h e  p e r t u r b e d  

s y s t e m  

where Z *  i s  a r e a l  p - v e c t o r .  S u f f i c i e n t  c o n d i t i o n s  on 

t h e  f u n c t i o n  Z* are  g i v e n  t o  i n s u r e  t h e  e x i s t e n c e  o f  a 

p o s i t i v e  manffo ld  

with v* = (v; , . . . , v ; j  bounded on its dortlain. A s imi la r  

r e s u l t  i s  o b t a i n e d  f o r  n e g a t i v e  m a n i f o l d s .  

A r e s t a t e m e n t  o f  t h e  problem i n  a s p e c i a l  c a s e  

s e r v e s  as a model. The s y s t e m  



4 
b 3 3 x = - x ,  y = y ,  

has l o c a l  s o l u t i o n s  

B 
1/2 ' a y(t,-r,13) = 

2 1 / 2  ( l -2 i2 ' ( t - - - r ) )  
x ( t , . r , a )  = 

(1t2a ( t - . r > >  

The phase  p o r t r a i t  man i fo ld  o f  ( 3 )  i s  g i v e n  i n  F i g u r e  l a .  

Not ice  t h a t  

i s  a p o s i t i v e  man i fo ld  for ( 3 )  and 

i s  a n e g a t i v e  man i fo ld  for ( 3 ) .  The problem h e r e  i s  t o  

f i n d  s u f f i c i e n t  c o n d i t i o n s  on t h e  p e r t u r b a t i o n  f u n c t i o n s  

X ( x , y ) ,  Y(x ,y)  s o  t h a t  t h e  sys tem 

h a s  p o s i t i v e  and n e g a t i v e  m a n i f o l d s  
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+ w i t h  v and v- bounded on t h e i r  r e s p e c t i v e  domains.  The 

phase  p o r t r a i t  o f  t h i s  s y s t e m  may t h e n  b e  r e p r e s e n t e d  

s c h e m a t i c a l l y  by  F i g u r e  lb. 

F i g u r e  l a  F i g u r e  l b  

I n  p r e v i o u s  work on t h i s  problem t h e  t y p i c a l  approach  

has Seen t o  assume t h a t  s y s t e m  (1) has a man i fo ld  S. I n  

many cases s o l u t i o n s  on S are  p e r i o d i c  i n  t .  Then under  

t h e  p r o p e r  c o n d i t i o n s ,  see [ S I ,  t he re  e x i s t s  a r e v e r s i b l e  

t r a n s f o r m a t i o n ,  T ,  d e f i n e d  i n  a neighborhood o f  S which 

c a r r i e s  (1) i n t o  a s y s t e m  o f  t h e  form 



G 

6 = d + 0 ( t Y 6 , x , y ) ,  

= Ax t F ( t , B , x , y ) ,  . 

$ = BY + G ( t , 6 , x , y ) ,  

where d i s  a c o n s t a n t  R-vector,  6 a n  R-vector,  x an 

m-vector,  y a n  n -vec to r ,  Rtmtn = p .  Here A i s  a n  mxm 

m a t r i x  w i t h  e i g e n v a l u e s  which have n e g a t i v e  r e a l  p a r t s ,  

B i s  a n  nxn m a t r i x ,  w i t h  e i g e n v a l u e s  which have p o s i t i v e  

r e a l  pa r t s ,  and t h e  f u n c t i o n s  0 ,  F and G s a t i s f y  c e r t a i n  

smoothness and o r d e r  c o n d i t i o n s  and a re  m u l t i p l y  p e r i o d i c  

i n  8 w i t h  p e r i o d  w = (ul,...,wR), wl > 0, i = 1,2,...,Ry 

i .e.  O( t ,B+o ,x ,y )  = O(t ,B ,x ,y )  where 

8 + w = (61+w1)”.’6 t w  ) .  R R  
Equa t ions  (4) r e p r e s e n t  sys tem (1) i n  a neighborhood 

o f  a c r i t i c a l  p o i n t ,  p e r i o d i c  o r b i t  o r  p e r i o d i c  s u r f a c e  

depending  on whether  t h e  6-equat ion  i s  a b s e n t ,  R = 1, 

or R 3 1. I n  c a s e  R = O  sys tem ( 4 )  may be  c o n s i d e r e d  a 

l i n e a r i z a t i o n  o f  t h e  o r i g i n a l  s y s t e m .  The t r a n s f o r m a t i o n  

7 sends  t h e  p e r t u r b a t i o n  f u n c t i o n  2% l n t o  t h e  t r i p l e  

(08,F*,G8) and t h e  problem t h e n  becomes one o f  f i n d i n g  a 

man i fo ld  w i t h  some s p e c i f i e d  p r o p e r t i e s  for t h e  sys tem 

( 5 )  
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.-.. 

wheye 0 = 0 + O*, e t c .  One u s u a l l y  b e g i n s  w i t h  a s y s t e m  

i n  t h e  form o f  (5). F u n c t i o n s  d e s c r i b i n g  t h e  m a n i f o l d s  

f o r  ( 5 )  are  t h e n  o b t a i n e d  as s o l u t i o n s  o f  a c e r t a i n  

improper  i n t e g r a l  e q u a t i o n ,  see for example (C131, p .1371,  

formulaked by t h e  use  of" t h e  c l a s s i c a l  v a r i a t i o n  o f  

c o n s t a n t s  t e c h n i q u e .  The l i n e a r  term i n  ( 5 )  g i v e s  r i s e  

to f a c t o r s  o f  t h e  form exp(tA1 which g u a r a n t e e  t h e  

convergence of  'chese i n t e g r a l s .  (An e x c e p t i o n  t o  t h f s  

i s  work by Kel ley  C151). T h i s  approach  was i n t r o d u c e d  

by Bogolinbov and N i t r o p o l s k y  [ 3 j ,  [ 4 ]  and s u b s e q u e n t l y  

deve ioped  by Hale E121 and K e l l e y [ i 5 ] .  O f  i n t e r e s t .  here 

i s  t h e  case i n  which t h e  l i n e a r  terms i n  ( 5 )  are  r e p l a c e d  

by  n o n l i n e a r  terms. Again one i s  l e d  t o  c o n s i d e r  a n  

improper  i n t e g r a l  e q u a t i o n ,  o b t a i n e d  i n  t h i s  c a s e  from 

a g e n e r a l i z a t i o n  of t h e  v a r i a t i o n  o f  c o n s t a n t s  formula  

due to V .  M .  Alekseev  [l]. S p e c i a l  h y p o t h e s e s  are  

i n t r o d u c e d  t o  i n s u r e  convergence of t h e  improper  

i n t e g r a l s .  

Some work on t h e  n o n l i n e a r  problem h a s  been done by  

L .  E.  May [17]. The hypo theses  used by  Mzy seem t o  admi t  

o n l y  s y s t e m s  which behave i n  an e s s e n t i a l l y  l i n e a r .  manner 

I n  t h e  u n p e r t u r b e d  s t a t e .  The theorem p r e s e n t e d  h e r e ,  

which i n c l u d e s  t h e  model problem above ,  r e q u i r e s  no 

l i n e a r  or approximate  l i n e a r  b e h a v i o r  i n  t h e  u n p e r t u r b e d  

s t a t e .  



O t h e r  peop le  who have worked on the prob lem of 

i n t e g r a l  manlfolds are  D f l i b e r t o  [lo], [ll], Levinson 

C161 and Sacker  [181. 



PRELIMINARY CONSIDERATIONS 

The symbol 1 I w i l l  be used  t o  r e p r e s e n t  any f i x e d  

norm on R R ,  Rm or Fin as well as t h e  c o r r e s p o n d i n g  

o p e r a t o r  norm. I n  s e v e r a l  o f  t h e  p r o o f s  i n  t h i s  

d i s s e r t a t i o n  i t  i s  e x p e d i t i o u s  t o  u s e  some s p e c i f i c  

norm, s a y  I 1 1 ,  for t h e  f i n i t e  d i m e n s i o n a l  s p a c e  i n v o l v e d .  

I n  e a c h  s u c h  c a s e  norm e q u i v a l e n c e  i n  f i n i t e  d i m e n s i o n a l  

s p a c e s  i s  envoked to o b t a i n  t h e  des i red  r e s u l t ,  i . e . ,  

t h e r e  e x i s t  numbers N l ,  N2 > 0 such  t h a t  

N1lI1 5 I t  L N * / I l .  

For a s q u a r e  m a t r i x  A d e f i n e  u [ A ]  by 

I I+hA 1-1 
h p[A] = l i m  9 

h++O 

where I i s  t h e  i d e n t i t y  m a t r i x .  For a proof t h a t  t h i s  

l i m i t  a lways e x i s t s  and for f u r t h e r  d i s c u s s i o n  o f  t h e  

f u n c t i o n  1.1 see C81. 

For E > 0 and m a p o s i t i v e  i n t e g e r ,  l e t  B(c,m) 
k r e p r e s e n t  t h e  open b a l l  of r a d i u s  E i n  Rm.  L e t  U C R  , 

V C I R  and suppose t h a t  f :UxV-+RP.  F u r t h e r  suppose  t h a t  

a l l  m t h  - o r d e r  d e r i v a t i v e s  o f  f w i t h  r e s p e c t  t o  i t s  

f i r s t  k v a r i a b l e s  e x i s t  and are c o n t i n u o u s  on UxV and 

t h a t  a l l  n t h  - o r d e r  d e r i v a t i v e s  o f  f w i t h  r e s p e c t  to i t s  

las t  R v a r i a b l e s  e x i s t  and are c o n t i n u o u s  on UXV. Then 

f i s  said t o  be  Cm(U)flCn(V):RP, 

R 
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L e t  W b e  any open s e t  i n  Rn and J be a n  i n t e r v a l  i n  

R .  Suppose t h a t  f ,  g are  C ( J ) A C 7 ( W ) : R n .  Then s o l u t i o n s  

o f  t h e  i n i t i a l  v a l u e  problem 

are  l o c a l l y  unique  when ( T , < )  i s  i n  JxW. F u r t h e r  i f  

x ( t )  = x ( t , T , < )  i s  t h e  s o l u t i o n  of  ( 6 )  t h e n  it i s  w e l l  

known C71 t h a t  t h e  m a t r i x  @ ( t , T , < )  = e ( t 9 T , < )  i s  a 

fundamenta l  s o l u t i o n  o f  t h e  v a r i a t i o n a l  e q u a t i o n  

ax 

a f i  
where f x  i s  t h e  m a t r i x  w i t h  i , j t h  - e lement  ax; . It is 

J 

3X a l s o  known t h a t  = ( t , ~ , c )  = - @ ( t , T , < ) f ( t , < ) ,  [17]. 

suppose t h a t  y ( t )  = y ( t , - r , < )  i s  t h e  s o l u t i o n  o f  ( 7 ) .  

Now 

Then one may w r i t e  

and t h e r e f o r e  
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T h i s  r e l a t i o n ,  which i s  a g e n e r a l i z a t i o n  of  t h e  v a r i a t i o n  

of constants fo rmula ,  i s  due t o  V.  M .  Alekseev [l], [ 2 1 .  

For f u r t h e r  d i s c u s s i o n  of t h i s  r e l a t i o n  see [ S I ,  C61, 171 

and [lp]. 



THE UNPERTURBED SYSTEM 

I n  t h i s  s e c t i o n  s u f f i c i e n t  c o n d i t i o n s  are g i v e n  f o r  

s x i s t e n c e  of p o s i t i v e  and n e g a t i v e  m a n i f o l d s  f o r  t h e  

u n p e r t u r b e d  s y s t e m .  L e t  R - 3 0 ,  m > 0 ,  n > 0 be i n t e g e r s .  

Cons ide r  t h e  S y s t e m  

6 = d, 

;E = f ( t , x ) ,  

Y = g ( t , y > ,  
. 

where d i s  a c o n s t a n t  R-vector and f and g s a t i s f y  

1 ( I t )  f i s  C ( R ) n C  ( B ( E , m ) ) : R m  f o r  some E > 0 ;  

( I i i )  f ( t , O )  = 0 ,  t i n  R ;  

( I i i i)  t h e r e  e x i s t  a ,  a > 0 such  t h a t  

y [ f x ( t , x > ]  5 - a l x l a ,  t i n  R ,  x i n  B(c ,m) ;  

g i s  C(R)(\C1(B(n,n)):Rn f o r  some r\ > 0: ( I I i )  

( I I i i )  g ( t , O )  = 0 ,  t i n  R ;  and ,  

(IIiii) t h e r e  e x i s t  B ,  b > 0 such  that  

b l y l B  2 - u [ - g y ( t , y ) ] ,  t i n  R ,  y i n  B ( q , n ) .  

Theorem 1. L e t  ( I i )  t h r o u g h  ( I I i i i )  h o l d .  Then f o r  

T a f i x e d  number 



i s  a p o s i t i v e  man i fo ld  for s y s t e m  ( 8 )  and 

i s  a n e g a t i v e  man i fo ld  f o r  s y s t e m  ( 8 ) .  F u r t h e r  i f  

( e ( t ) , x ( t ) , y ( t ) )  = ( ~ ( t , ~ , v ) , x ( t , ~ , < ) , ~ >  i s  any s o l u t i o n  

of sys tem ( 8 )  w i t h  ( ~ , v , < , 0 )  i n  S t h e n  + 

(9) 

f o r  some A > 0 and a l l  t - > T; and if ( O ( t ) , x ( t ) , y ( t ) )  

= ( ~ ( t , ~ , v ) , O , y ( t , ~ , o ) )  i s  any s o l u t i o n  of  ( 8 )  w i t h  

(T,v,O,o) i n  S- t h e n  

for some B > 0 and a l l  t - < T .  

P r o o f .  It i s  s u f f i c i e n t  to show t h a t  s o l u t i o n s  of  

= f ( t , x )  e x i s t  for t - > T and are  bounded as i n  (9), 

and t h a t  s o l u t i o n s  of  = ( g ( t , y ) )  e x i s t  f o r  t - < T and 

a re  bounded as i n  ( 1 0 ) .  

From (li) it f o l l o w s  t h a t  for e a c h  T i n  R and 

l z ; l  4 E t he re  e x i s t s  a unique  s o l u t i o n  x ( t )  = x ( t , . r , < )  

w i t h  x ( T , T , < )  = < o f  2 = f ( t , x )  i n  a neighborhood V o f  

T, $0 for e a c h  t i n  V and < E one may w r i t e  
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x(t)+hi(t) I-lx(t) I 

DRlx(t)l = lirn I h h++O 
x(t )+hf (t ,x(t ) ) I - I x (t ) I = lim I > 

h++O h 

where DRI x(t ) I denotes the r i g h t  derivative of I x I a t  

t. Since f(t,O) = 0, t in R, the mean value theorem 

gives 

Therefore 

OD 
L e t  b e  a sequence of  positive numbers with limit 

zero and let 

Since 



03 

it follows that {Ji(s))i=l i s  a uniformly bounded sequence 

sequence of uniformly continuous functions on [O,ll. 

Further lim Ji(s) = u[fx(t,sx(t))]. Thus by the 

Lebesgue Dominated Convergence Theorem 
j - t w  

and 

a at1 - --lx(t>l , at1 

at1 
u('c> = l r l ,  au The initial value problem = - , 

has solution 

Using a standard comparison theorem aa where A = - a+l 
([14], Theorem 4.1, p, 26) one finds that 
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Hypothes is  ( I I i )  i m p l i e s  t h a t  f o r  each  T i n  R and 

1 0 1  < rl t here  e x i s t s  a unique  s o l u t i o n  y ( t )  = y ( t , - r , a )  

o f  y - - g ( t , y )  i n  a neighborhood V of T. S o  f o r  t i n  V 

and I O / <  TI i t  f o l l o w s  t h a t  

where D L y ( t )  d e n o t e s  t h e  l e f t  d e r i v a t i v e  of  l y l  a t  t .  

A s  above one may a p p l y  t h e  Lebesgue Dominated Convergence 

Theorem t o  show t h a t  

Thus 

b B  and i n e q u a l i t y  ( 1 0 )  f o l l o w s  as above w i t h  B = pl. 



THE PERTURBED SYSTEM 

Again let R - > 0, m > 0 ,  n 0 be i n t e g e r s .  Cons ider  

t h e  r e a l  sys tem o f  o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n s  

where d i s  a c o n s t a n t  R-vector and t h e  f o l l o w i n g  

assumpt ions  hold: 

( I I I i )  

( I I I i i i )  

( I V i i  ) 

( I v i i i )  

f i s  C ( R ) f l  C 1 ( B ( E o , m ) ) : R m  f o r  some i n  ( 0 , l ) ;  

f ( t , O )  = 0 ,  t i n  R; 

t h e r e  e x i s t  a ,  a > 0 such  t h a t  

i i ~ f ~ ( t , x ) l  -alxI' ,  t i n  R ,  x i n  B ( E ~ , ~ ) ;  

g i s  C ( R ) f l  C (B(r l ,n ) ) :Rn f o r  some rl i n  (0,l): 2 

g ( t , O )  = 0, g ( t , O )  = 0 ,  t i n  R ;  

t h e r e  e x i s t  13, b > 0 such  t h a t  

b l y l a  

t h e r e  e x i s t  y, c > 0 such  t h a t  

Y 

-u[-gy(t,y)l, t i n  R, y i n  B(71,n): 
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( V i )  0 ,  F and G a r e  d e f i n e d  and 
C ( R ) n  C1(RRxB(EO,m)xB(~,n)):R k for k = R, m 

and n ,  r e s p e c t i v e l y ;  

( V i i )  0, F and G are m u l t i p l y  p e r i o d i c  i n  8 w i t h  

p e r i o d w  = (wl,...,wR), w > 0, i = 1,2,...,E; 

( V i i i )  @ ( t , 8 , 0 , 0 > ,  F ( t , 0 , 0 , 0 ) ,  G(t ,8 ,0 ,0 )  v a n i s h  
1tR. for ( t , 8 )  i n  R , and ,  

(Viv)  t h e r e  e x i s t  p o s i t i v e  numbers p ,  q, r and L 

such  t h a t  10el ,  I Q x l ,  10 I < L ( l x l + j y l ) p ,  Y -  
IF813 1 ~ ~ 1 3  I F ~ I  2 L(IxI+IYI)~, 

I G e I i  I G ~ I ~  I G ~ I  L(IXI+IyI) ' ,  

f o r  1x1 < c o y  lyl  < v .  

Theorem 2 .  L e t  (IIIi) th rough  (Viv)  h o l d  w i t h  

y t 1 3 a, m i n { p , q , r )  a. Then for a l l  E s u f f i c i e n t l y  

small and T any r e a l  number t h e r e  e x i s t s  a f u n c t i o n  v i n  

C ( [ - r , m ) x R  xB(E,m)):Rn, v ( t , e , x )  m u l t i p l y  p e r i o d i c  i n  8 

w i t h  p e r i o d  w, v ( t , 9 , 0 )  = 0 for ( t , e >  i n  R1", such  t h a t  

R 

i s  a p o s i t i v e  man i fo ld  f o r  system (11). I n  case R = 0 

min{p ,q , r )  i s  r e p l a c e d  by m i n I q , r ) .  
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T h i s  theorem i s  t h e  main r e s u l t  of t h i s  t h e s i s .  The 

p roof  o f  Theorem 2 w i l l  be g i v e n  a f t e r  s e v e r a l  r e s u l t s  

are  e s t a b l i s h e d .  F i r s t  an  o u t l i n e  o f  t h e  p roof  w i l l  be  

p r e s e n t e d .  

L e t  0 < 6 < min{l,rl /&} and for T i n  R, 0 < E < E ~ ,  

d e f i n e  

a ( & )  = {v i n  C ( [ ~ , m ) ) f l  C1(RRxB(cym)):Rnl 

v ( t , e , x )  sa t i s f ies  ( V I i ) - ( V I i i i ) l .  

( V I i )  v h a s  m u l t i p l e  p e r i o d  w i n  8 ;  
R ( V I i i )  v ( t , 8 , 0 )  = 0 ,  8 i n  R , t 7 < T: and,  

P < t < m  8 i n  R 1 x 1 ~ ~  - 
( V I i i i )  max sup  sup  SUP C I v ( t , e , X ) ( , I V e ( t , ~ , X ) I ,  

2- - 
IVx(t,e,X)Il 6. 

F o r  v i n  a ( & )  d e f i n e  OV(t,8,x) = O ( t , B , x , v ( t y 8 , x ) )  

and d e f i n e  FV and GV s i m i l a r l y .  

( i v ( t ,  T, 8 ,x) , 5 ( t  , T ,  0 , x )  ) deno te  s o l u t i o n s  of 

L e t  
V 

w i t h  i n i t i a l  c o n d i t i o n  ( 8 , x )  a t  t = T .  When t h e  i n i t i a l  

c o n d i t i o n s  a re  c l e a r l y  unde r s tood  t h e  s o l u t i o n s  w i l l  

be a b b r e v i a t e d  ($V(t),cv(t)). 

o p e r a t o r  T, g i v e n  by 

It w i l l  be shown t h a t  an 



2 0  

x G V ( s + t  ,JIV(stt ,t , 8 , x )  ,SV(s+t ,t , 8 , x ) ) d s  , 

a where @ ( t , . r , c r )  = y ( t , ~ , a )  and y( t , rC,o)  i s  t h e  s o l u t i o n  

of $ = g ( t , y >  w i t h  y ( - r , ~ , a )  = o ,  i s  d e f i n e d  on a ( & )  i n t o  

Note t ha t  

i m p l i e s  t h a t  (Tv)( t , f3+w,x)  = ( T v ) ( t , B , x )  f o r  v i n  Q ( E ) .  

The s e t  a ( & )  may be though t  o f  as a s u b s e t  o f  t h e  

Banach space  o f  bounded con t inuous  f u n c t i o n s ,  v ( t Y f 3 , x ) ,  

on V ( E )  = [ T , w ) x R ' x B ( E , m )  w i t h  m u l t i p l e  p e r i o d  w i n  8 and 

norm I / V I  I = sup1 v ( t , e , x ) l .  It w i l l  b e  shown t h a t  f o r  E 

s u f f i c i e n t l y  small T i s  a c o n t r a c t i o n  map on a ( & )  and 
u in 

t h a t  t h e r e  e x i s t s  a func t ion" 'R(E j  such  t h a t  t h e  o p e r a t o r  

V(E 

T may be  ex tended  t o  u and Tu = u .  The f u n c t i o n  

w ( t >  = u ( t , $ v ( t ) , S v ( t ) )  can  be shown to s a t i s f y  t h e  

d i f f e r e n t i a l  e q u a t i o n  



and it f o l l o w s  t h a t  u i s  t h e  f u n c t i o n  needed to d e s c r i b e  

t h e  p o s i t i v e  man i fo ld  SE o f  Theorem 2 .  t 

The f i rs t  o f  t h e  lemmas which w i l l  b e  needed i s  

Lemma 3 .  L e t  t h e  hypo theses  o f  Theorem 2 h o l d .  For 

E > o s u f f i c i e n t l y  small ,  a l l  e ,  1x1 < E, v i n  n k j ,  

t h e  s o l u t i o n  ($V(t),Sv(t)) o f  (12x7) w i t h  i n i t i a l  

c o n d i t i o n  ( 0 , ~ )  a t  t = T e x f s t s  for t - > T and s a t i s f i e s  

f o r  scme p o s i t l v e  c o n s t a n t s  A and M i ndependen t  of  t h e  

c h o i c e  of  v i n  Q ( E > .  

P r o o f .  L e t  

Then f o r  1x1 c cl and a l l  0 s o l u t i o n s  ($V(t>,€v(i)) o f  

(12v) e x i s t  and s a t i s f y  lEv(t)l <  in a neighborhood U 

o f  T .  So f o r  t i n  U i t  f o l l o w s  that 
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As in t h e  p r o o f  of Theorem 1 one f i n d s  t h a t  

From (VIii) and (VIlii) ft follows t h a t  

and from (Viii) and (V4v) 

Therefore 



2 5 

where A = a ( a - ( a + 1 ) 2 q e 1 L ~ y - a )  a+ l  > 0 .  Thus, as i n  

Theorem 1, 

and DRlxl = lim 
h++O 
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2q+1L~q'a > 0. where A. = a - Since  DRIXl - < l i 1  and 1 

S i n c e  p > a impl i e s  /]EV(s)lPds < w  it f o l l o w s  t h a t  t h e r e  

s o  t h a t  

Now c o n s i d e r  t h e  s c a l a r  e q u a t i o n  

where 



Then if 0 < v ( T )  - < 1 i t  follows t h a t  0 5 V ( T )  5 2 f o r  

a l l  t - > T .  

t h e n  I x ( t ) l  5 v ( t )  for a l l  t - > T .  For  suppose this is 

- 
Suppose W(T) is chosen s o  that V(T) = I x h > I  

no t  the case. Then t h e r e  exist t - > T such  t ha t  

Ix(t>j > v ( t > .  L e t  



Thus 

and t h i s  c o n t r a d i c t s  t h e  d e f i n i t i o n  of  t l .  

from (15)  it f o l l o w s  t h a t  
t 

T h e r e f o r e  

T 
co 

T 

Lemma 4 .  L e t  ( I V i )  t h rough  ( I V i v )  h o l d  and l e t  

y(t,.c,a) be  t h e  s o l u t i o n  of  = g ( t , y )  w i t h  ~ ( T , T , c T )  = c r .  
a Denote z y ( t , . c , a )  by @ ( t , . r , a ) .  Then f o r  1 0 1  < n and 

and 

P r o o f .  For s o l u t i o n s  z ( t )  of t h e  l i n e a r  system 

B = C ( t ) z ,  

i t  i s  known t h a t  ( [ l S l ,  Theorem 3, p .  58)  for t < T 

I z ( t )  I I z ( ~ ) l e x ~ ~ - ~ [ - C ( s ) l d s .  

- 
t 

T 

S i n c e  @(t , -c ,a )  i s  a fundamental  m a t r i x  f o r  
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it  f o l l o w s  t h a t  

2 S i n c e  g i s  C ( R ) n  C (B(q ,n ) ) :Rn  t h e  p a r t i a l  

d e r i v a t i v e s  of  @ , ( t , T , a )  w i t h  r e s p e c t  t o  e a c h  componen't; 

CT. of' u ellist and s a t i s f y  
J 

where 

and M . ( t )  i s  t h e  nxn m a t r i x  w i t h  k ,  Rth 7 e lement  g i v e n  
J 

by  

p rocedure  f o r  s o l v i n g  a nonhomogeneous s y s t e m  o f  l i n e a r  

d i f f e r e n t i a l  e q u a t i o n s  ([14], pp.  48-49) it can  be seen 

t h a t  

t 



2 8  
T h e r e f o r e  f o r  t < T - 

Making use  o f  norm e q u i v a l e n c e  i n  Rn t h e r e  e x i s t s ,  N > 0 

such  t h a t  

T h e r e f o r e  by i n e q u a l i t y  ( 1 0 )  

Choose I' = Nc and t h e  r e s u l t  f o l l o w s .  

Theorem 5 .  L e t  t h e  hypotheses  of Theorem 2 h o l d .  Then 

for E > 0 s u f f i c i e n t l y  small t h e  o p e r a t o r  T g i v e n  by 

e q u a t i o n  (13) is d e f i n e d  on Q ( E )  and maps Q ( E )  i n t o  

i t s e l f .  

P roof .  

4 h o l d .  

L e t  c 2  > 0 be small enough s o  t h a t  Lemmas 3 arid 
P 

Then f o r  ( t , e , x )  i n  V ( E ~ )  



00 

00 r+ l  
d s  X 

r+l)/a < 2'+lL 
- j( 1 + A  x / ~ ~ )  ( 0 

Let 

E~ = min E I 2 '  

t h e n  for E < E T i s  d e f i n e d  on Q ( E ) ,  Tv( t ,B,O)  = 0 

and I T v ( t , B , x ) l  < 6. Also s i n c e  
3 

00 

d s  i t  f o l l o w s  t h a t  Tv converges 1 and j(l+As)( r + l ) / a  
0 

uni formly  for ( t , e , x )  i n  V ( E )  which imp l i e s  t h a t  Tv 

i s  con t inuous  on V ( E ) .  It has been n o t e d  p r e v i o u s l y  

t h a t  Tv has p e r i o d  w i n  8 for v i n  Q ( E ) .  It remains  t o  

b e  shown t h a t  ~ ( T v ) ,  -(Tv) e x i s t  and a r e  con t inuous  

and bounded b y  6 for ( t , e , x )  i n  V ( E ) .  

a a 
ax  
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I n  t h e  f o l l o w i n g  t h e  summation c o n v e n t i o n  w i l l  b e  

used.  L e t  A r e p r e s e n t  e i t h e r  t h e  8 o r  t h e  x v e c t o r .  

Then t h e  i,jE element  of  t h e  m a t r i x  --(@GV) a I s  g i v e n  ax 

bY 

V G ) 
a A j  l k  k 

c T T  

From Lemmas 3 and 4, (Viii), (Viv )  and norm e q u i v a l e n c e  

for Rn t h e r e  e x i s t s  N8 > 0 such  t h a t  

where Mo = 2rN*LM max(4NI',3). 

i f  f o l l o w s  t h a t  

S i n c e  r > m a x { Z a - ( y t l ) , a )  



and 

W W 

s x  

W 03 

Q 
T h e r e f o r e  jn(@Gv)ds  a converges  un i fo rmly  f o r  ( t , e , x )  i n  

00 

V ( E ~ )  and i s  dominated by a con t inuous  r e a l  va lued  

f u n c t i o n  D ( E )  de f ined  on L O , € * )  w i t h  lim D ( E )  = 0. If 
&+O 

0 i s  such  t h a t  D(E ) < 6 t h e n  f o r  ( t , e , x )  i n  V ( E ~ )  &3 3 

and 

The f o l l o w i n g  lemmas will be used  to show t h a t  T 

i s  a c o n t r a c t i o n  map Qn a ( € ) .  



Lemma 6 .  Let  t h e  hypotheses  of  Theorem 2 ho ld  and l e t  

E > 0 b e  such  t h a t  Theorem 5 h o l d s .  F u r t h e r  l e t  

v ,  w be i n  Q ( E ~ )  and suppose t h a t  
4 

($v ( t  , T , e ,XI, sV (t ,1: , e ,XI , ( V ( t ,  T , 8 ,x) sw ( t  , T~ 8 , x )  j 

a r e  t h e  c o r r e s p o n d i n g  s o l u t i o n s  o f  ( 1 2 v ) ,  (12~). Then 

t h e r e  e x i s t  E.: > 0 ,  independent  of  v ,  w i n  ! 2 ( ~ ~ )  such 

t h a t  

i t  i s  c l e a r  t h a t  
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i m p l y i n g  t h a t  

In  t h e  same w a y ,  

L e t  H ( t )  = L h ( t )  m a x ( 2  P t 1 , 2 -  1 . Note t h a t  Lemma 3 

m 00 

i m p l i e s  HP(s)ds < a and Hq(s)ds < m. I 
T 

J 
T 

Now f rom ( 1 2 )  

and 



3 4  

h+tO h 

The mean v a l u e  theorem g i v e s ,  f o r  some V in [O,l] 

f ( t  , E V )  - f (t , E W )  = f,(t ,vcV+(1-V)sW) (SV-SW) , 

and t h e r e f o r e  

But 
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where K ( t )  = H q ( t )  t H P ( t ) .  S i n c e  ~ I J ' ~ ( T ) - $ J ~ ( T ) I  = 0 

= I s ~ ( T ) - s ~ < T ) I  i t  f o l l o w s  t aa t  

I$JV-$JW(  -I- ISV-EWI I Iv-wl 

- K ~ ~ V - W  

00 

where K = exp K(s)ds < 00. i 
T 

Lemma 7 .  L e t  t h e  hypo theses  of 

t t 
jK(s) exp{ K(u)du)ds I 
T S 

1 Y  

Theorem 2 hold and l e t  

@ ( t y T y g )  be as i n  Lemma 4 .  Then f o r  a l l  ( t , f 3 , x y y ) ,  

( t , e , x , y )  i n  ( - m y ~ ] x R  x B ( ~ ~ , m ) x B ( r l , m )  t h e r e  e x i s t s  p > 0 

such  t h a t  

R A A A  

A I\ 

where 1x1 = m a x { l x l , l x l ) ,  = m a x ( l y l , l y l ) .  

P r o o f .  -- The mean v a l u e  theorem g i v e s  

where t h e  supremum i s  t a k e n  R 
over  R x B ( ~ g y m ) x B ( ~ y m )  
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For  X = 0 o r  x i t  f o l l o w s  from Lemma 4 and ( V i v )  t h a t  

By a p p l y i n g  Lemma 4 and ( V i v )  it can  be  s e e n  t h a t  

Put P = max{NlLr,3L) and t h e  r e s u l t  follows. 

Theorem 8 .  L e t  t h e  hypo theses  Qf  Theorem 2 h o l d .  Then 

f o r  a l l  E > 0 s u f f i c i e n t l y  small t h e  o p e r a t o r  T ,  d e f i n e d  

by e q u a t i o n  (13), i s  a c o n t r a c t i o n  map on Q ( E ) .  

P r o o f .  L e t  E 3 0 be such  t h a t  Theorem 5 h o l d s  and l e t  

v ,  w b e  i n  f i (c , - ) .  

i t  f o l l o w s  from Lernmas 3 ,  6 and 7 and e q u a t i o n  ( 1 3 )  

t h a t  

5 
Then f o r  h ( t )  = m a x I I S V ( t ) j , I S W ( t ) I )  



- < 2'+'P(Ktl) 

where D(E) is descr.ibed in Theorem 5. 

such that 2r+1F(Ktl)D(~6) < 1. 

the result follows. 

Let &6 > 0 be 

Then f o r  E = mir~i&~,&~j 

03 
r 

ds X 1 0 ( 1 t A  1 x 1 's )" a 

Proof of Theorem 2. Since T maps Q ( E )  into itself and 

i s  a contraction map it follows that the sequence 

{Vn'n=lJ v1 in a ( & > ,  v2 = Tvly.. . fVntl = Tv,, ... is 
Cauchy and therefore converges t o  a continuous function 

u in i7ET. 

Lipschitz constant 6 2t follows that the limit function 

co 

CO 
Since { v ~ ) ~ = ~  is uniformly Lipschitz with 



u i s  l i k e w i s e  L i p s c h i t z .  By e x t e n d i n g  che  d e f i n i t i o n s  

of O v ,  G" and FV t o  a l l o w  v tcj be c o n t i n u o u s  i t  can  be  

seen  t h a t  t h e  I n i t i a l  v a l u e  problem ( l 2 u j  h a s  t h e  

unique  s o l u t i o n  (I) ( t , T , @ , x ; , C  ( , t Y ~ , 0 , x ) ) .  F u r t h e r ,  U U 

U 
v V n .  n 

; t , 0 , x )  + O " ( t , r , x j  and F s i n c e  0 i t , e , x )  + F ( c , B , x j  

un i fo rmly  on [ r ,mjxRRxB(E ,m)xB{~ ,n j  it f o l l o w s  

n *n V 
([IY], Theorem 2 . 4 ,  p .  4) t h a t  (I) ,< ) + (Jl",SU) 

R un i fo rmly  on I x l x R  xB(E,m) where I i s  any compact 

i n t e r v a l  i n  [T,..). Observe t h a t  t h e  bounds computed 

for tV i n  Lemma 3 h o l d  for tu .  
cu Cons ide r  t h e  sequence o f  f u n c t i o n s  (Jnln=l , where 

n = 1,2,... 

From t h e  above remarks and from t h e  c o n t i n u i t y  o f  

and  G i t  f o l l o w s  t h a t  
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It f o l l o w s  from Lemmas 3,  6 and (Viv )  t h a t  

n = 1,2, ..., 

t h e r e f o r e  t h e  Lebesgue Dominated Convergence Theorem 

i m p l i e s  

0 

( 1 8 )  u ( t , e , x )  = l i m  v ( t , e , x )  = l i m  Jn lis)ds 
n+w n+w f -  
0 

By u s i n g  t h i s  r e p r e s e n t a t i o n  o f  u i t  w i l l  now be  shown 

t h a t  t h e  f u n c t i o n  w ( t )  = u ( t , J I u ( t ) , S u ( t ) )  s a t i s f i e s  che  

d i f f e r e n t i a l  e q u a t i o n  

From t h e  d e f i n i t i o n  of' w ( t )  it f o l l o w s  t h a t  



b u t  from t h e  uniqueness o f  solutions o f  (12u), 

Thus 

40 

and 



co 

t 

f o r  t - < s - < T and l a1  < r) and since @ ( t , t , a )  = I 

n 

t 
r 

Also  since 

t 

implies that 



00 42 

it follows t h a t  

Now observe t h a t  

But 

and s i n c e  g(t,O) = 0 ,  t i n  R ,  and g i s  con t fnuous ,  it 

f o l l o w s  tha t  lfm g ( t , y ( t , s , w ( s ) >  = 0 .  Also 



Therefore 

This equation, t o g e t h e r  with ( 2 0 ) ,  g ives  



It will be shown t h a t  @ i t )  = 0 ,  t i n  [ T , w ) ,  Is  t h e  znl) 

s o l u t i o n  o f  ( 2 1 )  and t h e  p roof  o f  Theorem 2 w f l i  be 

comple t e .  First o b s e r v e  t h a t  @ i t )  is un i fo rmly  bi;unded 

on [ . r , w > .  For it has a l ready  been shown t h a t  

; ( t j  + G ( t , ~ u ( t j , S " ( t ) , w ( t j j  i s  t iniformly bounded, see 

( 1 9 )  and ( 2 0 ) ,  and ( I V i i ) ,  ( I V i v )  and t h e  d e f f n i c i o n  

o f  w imply t h a t  g ( t , w ( t ) )  i s  un i fo rmly  bounded. 

From Lemmas 3, 4, (IVii), ( I V f v )  and t h e  d e f i n l t l s n  

o r  w 

to m 

t 
to 

t 

A 

Choose t - > T s o  large t h a t  

C a  1 < 1. Then for a l l  

n 

b u t  this implies that @(t> = 0, t - > t .  Thus 



h 
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and t h e r e f o r e  

I, t 

But t h i s  g i v e s  

+ C a r o l l a r y  10. 

Proof .  Equat ion  (18 )  shows t h a t  T may be ex tended  t o  

'20 and s i n c e  Lemma 6 holds i n  m t h e  result f o l l o w s  

from i n e q u a l i t y  (17 ) . 

The p o s i t i v e  mani fo ld  SE i s  un ique .  

The c o r r e s p o n d i n g  theorem for n e g a t i v e  manffo lds  

w i l l  be s t a t e d  h e r e .  Cons ider  t h e  f o l l o w i n g  hypo theses .  
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( V I I i i )  g ( t ,O)  =: 0 ,  f x ( t , O )  = 0 ,  t in R; 

( V I I r i f i )  t h e r e  exist a ,  a 0 such  t h a t  

p [ f x ( t , s ) l  f - a l x l a ,  t i n  R ,  x i n  B(&,m); 

( V I l i v )  t h e r e  e x i s t  K, K > 0 such  that 

x i n  B ( & , m ) ;  
1 ( V I I i f )  g i s  C ( R ) n C  (B(r) ,n)) :Rn f o r  some 17 i n  

( V I I l i f )  g ( t , O )  = 0 ,  t i n  R ;  and ,  

( V I I I i i i )  there  e x i s t  6 ,  b > 0 such  t h a t  

b l y l '  5 - v C - g y ( t , y ) l ,  t f n  R, y i n  B( r ) ,n ) -  

Theorem 11. L e t  ( V I E )  t h rough  ( V I I I i i i )  and ( V I )  

t h rough  (Viv )  h o l d  w i t h  K + i > i3 and mfn{p ,q , r )  > (3. 

Then f o r  > 0 s u f f i c i e n t l y  small and T any real 

number t h e r e  e x i s t s  a unique f u n c t i o n  w i n  

C ( (-a,~lxK x B ( n  ,m) ) :Rm,w(t , 8  ,y) m u l t i p l y  p e r i o d i c  i n  
R 8 w i t h  p e r i o d  w, w ( t , e , O )  = 0 f o r  ( t , e )  i n  (-a,~]xR , 

such  t h a t  

R 

is a n e g a t i v e  mani fo ld  f o r  s y s t e m  (11). I f  t h e  

0-equat ion i s  a b s e n t  t h e n  mfn{p,q , r )  = min{q, r ) .  



4 7  

The p roof  o f  Theorem 11 f o l l o w s  c l o s e l y  t h a t  of  

Theorem 2 w i t h  t h e  e x c e p t i o n  t h a t  Gne c o n s i d e r s  t < T 

i n s t e a d  of  t - > T. For  w i n  t h e  p r o p e r  c l a s s  of 

f u n c t i o n s  crie p roceeds  to prove  Theorem 11 by f i n d i n g  

a s o l u t i o n  f o r  t h e  sys tem 

where ( ~ W ( t , . l - , 6 , y ) , v W i t , ~ , 8 , y ) )  i s  t h e  unique  s o l u t i o n  

of ( 2 1 ~ )  w i t h  i n i t i a l  c o n d i t i o n  ( 8 , y )  a t  t = T and 

Y'it,.c,r) = x(t,r,<), x ( t , . l - , < )  i s  t h e  unique  s o l u t i c n  

of = f ( t , x )  s a t i s f y i n g  t h e  i n i t f a l  c o n d i t i o n  5, at 

t = '1. 

ax 

Remark. The h y p o t h e s i s  o f  Theorem 2 which r e s t r i c t s  

y t 1 > a c a n  be r e l a x e d  i n  some c a s e s  to i n c l u d e  

y + l = a .  
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Suppose t h a t  f ( t , x )  sa t i s f ies  (IIIi) t h rough  
W (IIIiii) w i t h  a = y * 1. L e t  (ak)k=l be a sequence of  

p o s i t i v e  numbers with ak < a and l i m  ak = a. Suppose 
k-tw 

03 
of (k) 

k = l  t h e r e  exists a sequence C f  ; t , x ) )  

C ( R ) O C  ( B ( & , m ) ) : R m  f u n c t i o n s  with fik)(t,O) = 0, 1 
a. t in R ,  and p [ f ; k ) ( t , x ) ]  5 - a l x l  K ~ G T .  e ach  

k = 1,2, . F i n a l l y  suppose t h a t  lim f ( k ) ( t , x )  

= f ( ~ ; , x )  un i formly  on I x B ( & , m ) ,  I any compact subset 
i(+W 

o f  R .  

By a p p l y i n g  Theorem 2 it can be s e e n  tha-c t h e  

sys tem 

(22k) 

has a p o s i t i v e  manffold 

p rov ided  min{p,q , r )  > a and E s u f f i c i e n t l y  small. 
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Let ($,(t) ,Ek(t)) represent the unique solution 

of  

with initial value (6,x) at t = T. Then 

w,(t) = uk(t,qk(t),Ek(t)) is the unique solution cf 

with initial value uk(~,O,x) at t = T. 

Since the functions 

are uniformly bounded on [T,w) it follows that the 

sequence { ($kyEkYwk) )k=l is uniformly Lipschitz and a3 

therefore equicontinuous. Now for each k = 1,2,..., 



c;c, 

e q b i c o n t i n u o u s  and since s o l u t i o n s  ill' (22k) are uni~ue 

i f  f d l l o w s  t h a t  {(Qi,Ei,ui)}i=l, where f = k ( i > ,  

converges  un i fo rmly  on IT,-> to a f u n c t i o n  (I#J~,~~~w~.. 

T h e r e f o r e ,  

fzli iows tha t  {(Ok,Fk,Gk)) + (0 F G ) u n i f o r m l y  

m 

om the c o n t i n u i t y  of Ok, Fk and Gk Zt 

0 '  0 )  0 

[-r,a>. Thus i s  t h e  unique a\;.iutiOn 21' 

( 2 2 0 )  w i t h  I n i t i a l  v a l u e  ( a ,x ,u , )  ar; t = T. 

Observe t h a t  t h e  a s y m p t o t i c  behavfor of t h e  

s o l u t i o n s  o f  t h e  x and y e q u a t i o n s  in t h e  l i m i t  is t h e  

same as i n  the c a s e  cx y + 1. For i t  is c l e a r  that 

f o r  some Ak > 0 ,  k = l , Z ,  . . .  e 

as k + it f o l l o w s  that  

S i n c e  Ak -f A ,  a -+ a k 
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i n  c a s e  sys tem (22k) i s  autonomous it  i s  c i e a ?  

that  { u , ( t , e , x ) l  = {u , ( e ,x ) l  converges  un i fo rmly  on 

R xB(c,m). Thus f o r  autonomous s y s t e m s  one may o b t a i n  R 

a r e p r e s e n t a t i o n  o f  t h e  form uo  = Tu 

man i fo ld  even  i n  t h e  c a s e  y + 1 = a .  

f o r  t h e  iritegca, 0 

I n  view of t h e  above d i s c u s s i o n  it can be s e e n  

t h a t  Theorem 11 can be ex tended  t o  i n c l u d e  t h e  c a s e  

B K -k 1. 

Now f t  can be s e e n  t h a t  t h e  model problem d i s -  

cussed  i n  t h e  i n t r o d u c t i c n  has t h e  p r e d i c t e d  s o l u t i c n .  

I n  that  c a s e  a = (3 = 2 and y = K = 1. So if X and Y 

a r e  o ( ( l x l + l y l )  ) one may app ly  a n  ex tended  v e r s i o n  

of Theorem 2 by l e t t i n g  f ( k ) ( t , x )  = -x 

3 

1 3-E 
t o  o b t a i n  

a p o s i t i v e  man i fo ld  f o r  t h e  p e r t u r b e d  s y s t e m .  

S i m i l a r l y  one a p p l i e s  a n  ex tended  v e r s i o n  o f  Theorem I1 

by l e t t i n g  g c k ) ( t , x )  = y 

n e g a t i v e  man i fo ld  f o r  t h e  p e r t u r b e d  s y s t e m .  

1 3-E 
i n  o r d e r  t o  o b t a i n  a 



CONCLUDING REMARKS 

The r e s u l t s  of  t h i s  d i s s e r t a t i o n  may be c o n s f d e r e d  

as a p a r a l l e l  development of  t h e  works of' s e v e r a l  

a u t h o r s ,  [31, [12], E151 and i n  p a r t i c u l a r  t h e y  c l o s e l y  

resemble Theorem 4 . 1 ,  p .  330 i n  Coddington and Levinson 

i 7 1 .  These a u t h o r s  o b t a i n  r e s u l t s  s i m i l a r  t o  Theorem 2 

f o r  a s y s t e m  whose unpe r tu rbed  s t a t e  i s  l i n e a r ,  e . g . ,  

s y s t e m  (4) i n  t h e  absence  o f  t h e  6-equat ion .  Two a s p e c t s  

o f  t h e  p r e s e n t a t i o n  i n  Coddington and Levinson are n o t  

g i v e n  here .  F i r s t ,  i s  i s  shown t h a t  s o l u t i o n s  which do  

n o t  s t a r t  on t h e  man i fo ld  e v e n t u a l l y  l e a v e  a neighborhood 

o f  t h e  o r i g i n .  A l so  i t  i s  shown t h a t  i f  t h e  p e r t u r b a t i o n  

f u n c t i o n  i s  d i f f e r e n t i a b l e ,  as i s  t h e  case here ,  t h e n  

t h e  man i fo ld  i s  l i k e w i s e  d i f f e r e n t i a b l e ,  i . e . ,  t h e  

f u n c t i o n  which d e s c r i b e s  t h e  man i fo ld  i s  d i f f e r e n t i a b l e .  

Although t h e  man i fo ld  i n  t h e  n o n l i n e a r  c a s e  here  has 

been shown t o  be L i p s c h i t z ,  t h e  problem o f  showing 

d i f f e r e n t i a b i l i t y  seems more d i f f i c u l t  t h a n  i n  t h e  

l i n e a r  case. 

Another  a s p e c t  o f  t h e  r e s u l t s  i n  t h i s  d i s s e r t a t i o n  

which are n o t  p o i n t e d  o u t  e x p l i c i t l y  i n  t h e  theorems i s  

t h e  s i m i l a r i t y  o f  b e h a v i o r  o f  s o l u t i o n s  o f  t h e  unper-  

t u r b e d  and p e r t u r b e d  s y s t e m s  on S 

L e t  ( t , e ( t ) , x ( t > , O >  be i n  S+ and ( t , $ ( t > , ~ ( t > , w ( t ) >  be  

i n  SE. Then I x ( t ) - E ( t > l  and I u ( t ) l  approach  z e r o  as t 

+ + and SE, r e s p e c t i v e l y .  

+ 



5.3 

becomes Large. I n  t h e  absence  of’ t h e  0-ecruaticn t h i s  

may b e  i n t e r p r e t e d  as a s y m p t o t i c  e q u i v a l e n c e  of’ s y j t e m s  

; 8 )  and (11). T h i s  resembles r e s u l t s  o b t a i n e d  by Mar l in  

and S z r u b l e  [19] who g i v e  s u f f i c i e n t  c o n d i t t o n s  I L O ~  zh€ 

e x i s t e n c e  o f  s o l u t i o n s  for a pe r t t i rbed  n o n l i n e a r  system 

which are a s y m p t o t i c  to s o l u t i o n s  of t h e  u n p e r t u r b e d  

s-cate. T h e i r  hypo theses  do n o t  cOver t h e  c a s e  c rea t ed  

he re ,  n o r  c o n v e r s e l y .  
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The purpose  o f  t h i s  d i s s e r t a t i o n  i s  to g i v e  a proof  

for t h e  e x i s t e n c e  ~f an  i n t e g r a l  mani fo ld  f o r  a system 

o f  p e r t u r b e d  n o n l i n e a r  d i f f e r e n t i a l  e q u a t i o n s  i n  a 

neighborhood o f  a c r i t i c a l  p o i n t ,  p e r i o d i c  o r b i t ,  or 

p e r i o d i c  s u r f a c e .  Analogous s t u d i e s  o f  i n t e g r a l  

man i fo lds  where t h e  unpe r tu rbed  sys tem i s  l i n e a r  have 

been done b e f o r e .  Func t ions  d e s c r i b i n g  t h e  m a n i f o l d s ,  

i n  t h e  l i n e a r  c a s e ,  are  u s u a l l y  o b t a i n e d  as s o l u t i o n s  

of  a c e r t a i n  improper  i n t e g r a l  e q u a t i o n  fo rmula t ed  by  

t h e  u s e  o f  t h e  c l a s s i c a l  v a r i a t i o n  of  c o n s t a n t s  t e c h -  

n i q u e .  To prove  t h a t  a s o l u t i o n  t o  t h i s  i n t e g r a l  

e q u a t i o n  e x i s t s ,  u se  i s  made o f  c e r t a i n  e x p o n e n t i a l  

bounds induced  b y  t h e  unpe r tu rbed  l i n e a r  sys tem.  O f  

i n t e r e s t  h e r e  i s  t h e  c a s e  i n  which t h e  unpe r tu rbed  s t a t e  

o f  t h e  s y s t e m  has no l i n e a r  p a r t .  Again one i s  l e d  to 

c o n s i d e r  s o l u t i o n s  o f  an  improper  i n t e g r a l  e q u a t i o n ,  

o b t a i n e d  i n  t h i s  c a s e  from a g e n e r a l i z a t i o n  of  t h e  

v a r i a t i o n  o f  c o n s t a n t s  formula  due t o  V.  M .  Alekseev .  

I n  g e n e r a l ,  one can  n o t  expec t  e x p o n e n t f a l  bounds 

ana logous  t o  t h o s e  p r e s e n t  i n  t h e  l i n e a r  c a s e ;  however, 

by assuming c e r t a i n  smoothness and o r d e r  t y p e  p r o p e r t i e s  

of' t h e  f u n c t i o n s  invo lved  i t  i s  p o s s i b l e  t o  demons t r a t e  
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t h e  e x f s t e n c e  o f  a unique  s o l u t i o n  of  t h e  i n t e g r a l  

e q u a t i o n .  A d d f t i o n a l  work i s  done to show t h a t  t h e  

solution of  t h e  i n t e g r a l  e q u a t i o n  g i v e s  r i s e  to a 

s o l u t i o n  o f  t h e  d i f f e r n t i a l  e q u a t i o n .  

it i s  also shown t h a t  on t h e  mani fo ld  of  t h e  

p e r t u r b e d  s y s t e m  s o l u t i a n s  are asympto t i c  to s o l u t f o n s  

of t h e  unpe r tu rbed  sys tem on t h e  co r re spond ing  man i fo ld .  


